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 Any algebraic expression consisting of only two terms is known as binomial expression. The terms 
may consist of variables x, y etc. or constants or their mixed combinations. For example: 2x + 3y, 4xy + 
5 etc.  

 

 
 Binomial theorem gives a formula for the expansion of a binomial expression raised to any 
positive integral power.  
 In general for a positive integer n  

 (x + y)n = nC0 x
n + nC1 x

n−1 y1 + nC2 x
n−2 y2 + ….. + nCn x0yn , where 

!!)(

!

rrn

n
Cr

n

−
=   

 for r = 0, 1, 2, ……. , n is called binomial coefficient.  
2.1 PROOF OF BINOMIAL THEOREM 
The Binomial theorem can be proved by mathematical induction 
Let )(nP  stands for the mathematical statement 
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Note that there are )1( +n  terms in R.H.S. and all the terms are of the same degree in x and a together. 

When 1=n , L.H.S. ax +=  and R.H.S. ax +=  (there are only 2 terms) 

   P (1) is verified to be true 
Assume )(mP  to be true 

i.e., mrm
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Multiplying equation (ii) by )( ax + , we have 
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 Equation (iii) implies that )1( +mP  is true and hence by induction )(nP  is true. 

Alternative method  

 By choosing x from all the brackets we get the term nx . Choosing x from )1( −n  factors and ‘a’ 

from the remaining factor we get 1−nx  a. But the number of ways of doing this is equal to the number of 

ways of choosing one factor from n factors (i.e.,) 1Cn . Choosing x from )2( −n  factor and a from the 

remaining two factors, we get 22 ax n − . But the number of ways of doing this is equal to the number of 

ways of choosing two factors from n factors. i.e., 2Cn . Finally choosing ‘a’ from all the factors we get the 
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term na . 

 nrrn
r

nnnnnnn aaxCaxCaxCxax ++++++=+ −−− ......)( 22
2

1
1  

 Illustration 1 
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 The general term in the expansion of (x + y)n is (r + 1)th term, given by tr+1 = nCr x
n−r y r where r = 

0, 1, 2 ……… n. 

 • Every term in the expansion is of nth degree in variables x and y. 

 • The total number of terms in the expansion is n + 1. 

 • Binomial expansion can also be expressed as 
=

−=+
n
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 Illustration 2 
  

Question: Find the 11th term in the expansion of 
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Solution: The general term 
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 For the 11th term, we must take r = 10 
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 Illustration 3 
  

Question: The 2nd, 3rd and 4th terms of (x + y)n are 240, 720 and 1080 respectively. Find x, y and n. 

Solution: 2401
12 == − yxCt nn  

 72022
23 == − yxCt nn  

 108033
34 == − yxCt nn  
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 Dividing equation (i) by equation (ii) we have 
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 Using n = 5 in (i) we have 
2

3
=

x

y
 

 Substituting in t2 we have 240
2

34
1

5 =xxC  

  x5 = 32       x = 2 and y = 3 

  x = 2, y = 3 and n = 5.  

 Illustration 4 
  

Question: Find the term independent of x in 
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Solution: The general term 
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 The term independent of x, (or the constant term) corresponds to rx 318 −  being  

  x0   or   18 − 3r = 0       r = 6 
 
  the term independent of x is the 7th term and its value is 
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 In the binomial expansion of (x + y)n  
4.1 WHEN n IS ODD 
 There are (n + 1) i.e. even terms in the expansion and hence two middle terms are  
given by 
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4.2 WHEN n IS EVEN 
 There are odd terms in the expansion and hence only one middle term is given by  

  2/2/
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n
r =  

 Illustration 5 
  

Question: Find the middle term in the expression of (1 − 2x  + x2)n. 

Solution: (1 − 2x + x2)n = [(1 − x)2]n = (1 − x)2n 

 Here 2n is even integer, therefore, 







+ 1

2

2n
th  i.e.  (n + 1)th term will be the middle term.  

 Now  (n + 1)th term in (1 − x)2n = 2nCn (1)2n−n (−x)n  
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 Illustration 6 
  

Question: Prove that middle term in the expansion of 
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 In the binomial expansion of 
=
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 • The binomial coefficients of the expansion equidistant from the beginning and the end are equal. 

In other words nCr = nCn−r. 

 • The greatest binomial coefficient in the expansion is always the binomial coefficient of middle 
term/terms.  

 Illustration 7 
  

Question: If the coefficient of (2r + 4)th term and (r − 2)th term in the expansion of (1 + x)18 are equal, 
find r. 

Solution: Since coefficient of (2r + 4)th term in (1 + x)18 = 18C2r+3. 

 Coefficient of (r − 2)th term = 18Cr−3 

  18C2r+3 = 18Cr−3  2r + 3 + r − 3 = 18 

  3r = 18       r = 6. 

 Illustration 8 
  

Question: Find the coefficient of x5 in the expansion of (1 + x + x3)9. 

Solution: 9393 ])1[()1( xxxx ++=++  

 ...)1()1()1( 67
2
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1

99 ++++++= xxCxxCx  …(i) 

 The coefficient of 4
9

5
995 i.e.)1(in CCisxx +  

 The coefficient of =+ 38
1

95 )1(in xxCx  coefficient of 2
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1
92 .9)1(in CxCx =+  

 The remaining terms in (i) all contain powers of x higher than the fifth. 

 the required coefficient is 378
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 Alternatively 
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   + ...)1( 424
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9 ++ xxC  

 x 5 occurs in 4th and 6th terms only and it is equal to 5
9

3
93 CC +=  

  = 252 + 126 = 378 

 Illustration 9 
  

Question: Show that 11n+2 + 122n+1 is divisible by 133. 

Solution: nnnn )144(1211111211 2122 +=+ ++  

  Now 144 and 121 should be expressed in terms of 133; 144 as (133 + 11) or 121 as (133 – 12) 

   nn )13311(1211121 ++=  

   n11= (121 + 12) + terms containing 133 as a factor 

   13311 = n + terms containing 133 as a factor 

  Hence the expression is divisible by 133. 

 • The ratio of (r + 1)th coefficient to r th coefficient is 
r
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 Illustration 10 

  
Question: If ar be the coefficient of xr in the expansion of (1 + x)n, then prove that 
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 Putting r = 1, 2, ….. n and multiplying together, 
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 The numerically greatest term (absolute value) in the expansion of (1 + x)n is determined by the 
following process: 

 Let tr+1 be the numerically greatest term, then | tr |  | tr +1 |  | tr +2 | 

 Considering 11 +
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  (n − r + 1) | x |  r  
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 Thus from (i) and (ii) for tr+1 to be the greatest term, 

  r  m and r  m − 1  where  
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 • If m is an integer, then there are two terms with numerically greatest magnitude, for r = m 

and r = m − 1 i.e. tm+1 and tm. 

 • If m is not an integer, then there is only one numerically greatest term, for r = [m] 
  i.e. t[m]+1 , where [m] is the greatest integer function of m. 

  In general, for the expansion (a + x)n or an 
n
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x

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 Illustration 11 
  

Question: Find the greatest term in the expansion of (4 + 3x)7 when .
3

2
=x  

Solution: Here the greatest term means the numerically greatest term. 
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 Now rrriftt rr −+
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 This inequality is valid only for r = 1 or 2 

 Thus for r = rr tt + 1;2,1  and 

 for rr ttr = +1;4,3  

  .......54321  ttttt  
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 In the binomial expansion of (1 + x)n, let us denote the coefficients ,.....,,, 210 CCC nnn  

n
n

r
n CC ,.....,  by C0 , C1 , C2 , …… , Cr , …… , Cn respectively.  

 • The sum of the binomial coefficients in the expansion of (1 + x)n is 2n : 
  (1 + x)n = C0 + C1x + C2x2 + ……..+ Cn x

n 
 Putting x = 1 

  2n = C0 + C1 + C2 + …….. + Cn …(i) 

 or 
=

=
n

r

n
rC

0

2 . 
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 Illustration 12 
  

Question: Prove that the sum of the coefficients in the expansion of (1 + x − 3x2)2163 is −1. 

Solution: Putting x = 1 in (1 + x − 3x2)2163, the required sum of coefficients  

      = (1 + 1 − 3)2163 = (−1)2163 = −1. 

 Illustration 13 
  

Question: If the sum of the coefficients in the expansion of (x2 − 2x + 1)35 is equal to the sum of the 

coefficients in the expansion of (x − y)35, then find the value of . 

Solution: Sum of the coefficients in the expansion of (x2 − 2x + 1)35 

  = Sum of the coefficients in the expansion of (x − y)35 
 Putting x = y = 1 

    ( − 1)35 = (1 − )35 

    ( − 1)35 = − ( − 1)35 

  2( − 1)35 = 0 

    − 1 = 0 

    = 1 

 • The sum of the coefficients of the odd terms in the expansion of (1 + x)n is equal to the 

sum of the coefficients of the even terms and each is equal to 2n − 1 
 Since (1 + x)n = C0 + C1 + C2x2 + C3x3 + ……. + Cnx

n  

 Putting x = −1, 

  0 = C0 − C1 + C2 − C3 + …….. + (−1)n Cn 
 and 2n = C0 + C1 + C2 + C3 + ….... + Cn {from (i)} 
 Adding and subtracting these two equations, we get  
  2n = 2 (C0 + C2 + C4 + ……) and 2n = 2(C1 + C3 + C5 + …..) 

  C0 + C2 + C4 + ……= C1 + C3 + C5 + …. = 2n − 1   

 sum of coefficients of odd terms = sum of coefficients of even terms = 2n−1  
 Illustration 14 

  
Question: Evaluate the sum : 8C1 + 8C3 + 8C5 + 8C7. 

Solution: Since 8C1 + 8C3 + 8C5 + 8C7 = sum of even terms coefficients in the expansion of (1 + x)8 

  = 28−1 = 27 = 128. 

 • Differentiation can be used to solve series in which each term is a product of an integer 
and a binomial coefficient i.e. in the form k . nCr. 

 Illustration 15 
  

Question: Show that 3 . C0 + 7 . C1 + 11 . C2 + ….. + (4n + 3) Cn = (2n + 3) 2n. 

Solution: This problem can be done be differentiating the expansion of x3(1 + x4)n and putting x = 1. 
  x3 (1 + x4)n = x3 (C0 + C1x4 + C2x8 + …..+ Cnx4n)  
   = C0x3 + C1x7 + C2x11 + …..+ Cnx4n+3 

 Differentiating we get,  

  3x2 (1 + x4)n + x3n (1 + x4)n−1 4x3 = 3x2C0 + 7x6C1 + 11x10C2 + …. + (4n + 3)x4n+2 Cn 
 Now substituting x = 1 in both sides. 

  3C0 + 7C1 + 11C2 + ……+ (4n + 3) Cn 

  = 3(2n) + 4n (2)n−1 
  = (3 + 2n) 2n 
                          Alternative method  

 Let  nn
n CnCnCCCS )34()14(......1173 1210 ++−++++= −  

  010 3...)14()34( CCnCnS ++−++=  

 Adding 

    n
n nCCCnS 2)64(.....)64(2 10 +=++++=  

   
nnS 2)32( +=  

 Illustration 16 
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Question: Show that C1 + 2 . C2 + 3 . C3 + ……+ n . Cn = n . 2n−1 . 

Solution: The problem can be done by differentiating the expansion of nx)1( +  and then putting 1=x  

 Alternative method 
 The numbers multiplying binomial coefficients are 1, 2, 3, …., n and these are in arithmetic 

progression. 

 Let  nn CnCnCCCS +−++++= −1321 )1(....32  

 13210 1....)3()2()1( −++−+−+−+= nCCnCnCnCnS  

 (Writing the terms in the reverse order and remembering that Cr = Cn−r), adding 

  nn CnCnCnCnCnS +++++= −1210 ......2  

  n
n nCCCCn 2].......[ 210 =+++=  

   12 −= nnS    

 Alternative method 

  n
nnnn CnCCCS ++++= .....32 321  
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nnnnn
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
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    11 2)11( −− =+= nn nn  

 Illustration 17 
  

Question: Show that  C1 − 2 . C2 + 3 . C3 − 4 . C4 + …..+ (−1)n−1 n . Cn = 0. 

Solution: The problem can be done by differentiating the expansion of nx)1( + and then putting x =−1. 

 Alternative method 

 L.H.S.  n
nnnnn CnCCC −+−+−= −1

321 )1(....32  

   1
)1(1

3
1

2
)1(

1
)1( )1(....1 −

−−−−− −++−+−= n
nnnnn CCCCn  

  00)11( 1 ==−= − nn n  

 • Integration can be used to solve series in which each term is a binomial coefficient divided 

by an integer i.e. in the form 
k

Cr

n

. 

 Illustration 18 
  

Question: Show that  
1
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1
....
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1
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0
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−
=

+
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+
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n
n  

Solution: Integrating the expansion of (1 + x)n between the limits 0 to 1. 
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  
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n

n

 

  
1

12

1
....

32

1
21

0
+

−
=

+
++++

+

nn

CCC
C

n
n  

 Alternative method 

 L.H.S. 
1

....
432

1 321

+
+++++=

n

CCCC n
nnnn
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)1(...321

123...)2()1(
...

4321

)2()1(

321

)1(

2
1

+

−−
++



−−
+



−
++=

nn

nnnnnnnnn
 

  








+

−+
++



−+
+



+
++

+
=

)1(...321

123...)1()1(
...

321

)1()1(

21

)1(
)1(

1

1

n

nnnnnnnn
n

n
 

   1
)1(

3
)1(

2
)1(

1
)1( ...

)1(

1
+

++++ ++++
+

= n
nnnn CCCC

n
 

  ))11(ofexpansionthefrom(}12{
)1(

1 11 ++ +−
+

= nn

n
 

 

 

 
 

 Illustration 19 
 

Question: Show that 

 
1

13

1
2...

3
2

2
22

1)(
12312

0
+

−
=

+
++++

+
+

nn

CCC
C

n
nn

 

Solution: Integrating the expansion of (1 + x)n between the limits 0 to 2. 

    +++=+

2

0

2

0

10 ).....()1( dxxCxCCdxx n
n

n  

  

2

0

12

10

2

0

1

1
...

21

)1(

+
+++=

+

+ ++

n

x
C

x
CxC

n

x n

n

n

 

  
1

13

1
2...

3
2

2
22

1)(
12312

0
+

−
=

+
++++

+
+

nn

CCC
C

n
nn

 

 Alternative method 

 L.H.S.  )1(
1

)1(3
3

)1(2
2

)1(
1

)1( 2...222
1

1 +
+

++++ ++++
+

= n
n

nnnn CCCC
n

 

    12...221
1

1 )1(
1

)1(2
2

)1(
1

)1( −++++
+

= +
+

+++ n
n

nnn CCC
n

 

    
1

13
1)21(

)1(

1 1
1

+

−
=−+

+
=

+
+

nn

n
n  

 • Product of two expansions can be used to solve some problems related to series of 
binomial coefficients in which each term is a product of two binomial coefficients.  

 Illustration 20 
  

Question: Show that 
!!

)!(2
.... 22

2
2
1

2
0

nn

n
CCCC n =++++  

Solution: This example can be solved by considering two binomial expansions 
nx)1( +  and 

n

x








+

1
1  in 

which the coefficients of 
nx  and 

nx

1
 are equal and in the product of these expansions the constant 

term will contain the square of binomial coefficients. 

 Consider 
n

n
n xCxCxCCx +++=+ 2

210)1(  

  
n

n
n

x

C

x

C

x

C
C

x
++++=








+ ...

1
1

2

21
0  

 Taking the product of these two expansions and collecting the constant term in the product, 
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 Constant term in R.H.S. 22
2

2
1

2
0 .... nCCCC +++=  

  = constant term in L.H.S. = constant term in nx)1( +

n

x








+

1
1  

  = constant term in =
+

n

n

x

x 2)1(
 coefficient of nx  in nx 2)1( +  

  
)!()!(

)!2(2

nn

n
Cn

n ==

 

 

 
 

 Illustration 21 
  

Question: Show that 22
3

2
2

2
1

2
0 1)(.... n

nCCCCC −++−+−  

  





























−
= even.isif,

!
2

!
2

!1)(

oddisif0,
2

n
nn

n

n
n

 

Solution: Consider the product of the expansion of nx)1( +  and 

n

x








−

1
1  and compare the constant term. 

 

n
n

n
n

x
xCCCC 








−+=−+++−

1
1)1(intermconstant)1(... 22

2
2
1

2
0  

 = constant term in 
n

nn

x

xx )1()1( −+
 

 = constant term in 
n

nn

x

x )1()1( 2−−
 

 = coefficient of nx  in nn x )1()1( 2−−  

 = 0, if n is odd since all the terms in nx )1( 2−  contain only even power of x 

 = coefficient of mx 2  in ,)1()1( 222 mm x−−  if n is even = 2m 

 = 

!
2

!
2

)1(!

!!

!)2(
)1()1()1(

2/
22


















−
=−=−=−

nn

n

mm

m
CC

n
m

m
mm

m
mm  

 Illustration 22 
 

Question: Show that 

 
!)(!)(

)!(2
...22110

rnrn

n
CCCCCCCC nrnrrr

+−
=++++ −++  

Solution: Consider n
n

r
r

r
r

n xCxCxCxCxCCx +++++++=+ +
+ ......)1( 1

1
2

210  

 and 
n

n

r

r

r

r
n

x

C

x

C

x

C

x

C

x

C
C

x
+++++++=








+

+

+
......

1
1

1

1

2

21
0  

 In the product of these two expansions, collecting the coefficient of x r 

  nrnrrr CCCCCCCC −++ ++++ ....22110  = coefficient of x r  in 
n

n

x

x 2)1( +
 

  = coefficient of nrn xinx 2)1( ++  

  
!)(!)(

!)2(2

rnrn

n
C rn

n

−+
== +
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8.1  If fIQP n +=+ )(  where I and n are positive integers, n being odd, and  

0  f < 1, then show that (I + f ) f = kn where P − Q2 = k > 0 and 1QP − . 

  Proof. Given 1−QP  

   1)(0 − nQP  

 Now let fQP n =− )(  where 0 < f < 1 

  nn QPQPffI )()( −−+=−+  

  RHS contains even powers of P  ( n is odd) 

  RHS is an integer  
 Since RHS and I are integers, 

   f − f is also integer.  

    f − f = 0  −1 < f − f < 1 

 or  f = f 

  nnnn kQPQPQPffIffI =−=−+=+=+ )()()()()( 2 . 

8.2  If fIQP n +=+ )(  where I and n are positive integer, n being even, and  

0  f < 1, then show that (I + f) (1 − f) = kn where P − Q2 = k > 0 and 1−QP . 

 Proof : If n is an even integer then  

   ffIQPQP nn ++=−++ )()(  

 Hence LHS and I are integer.  

   f + f is also integer.  

     f + f = 1  0 < f + f < 2 

    f = (1 − f) 

 Hence nn QPQPffIffI )()()()1()( −+=+=−+  

    = (P − Q2)n = kn. 
 Illustration 23 

 
Question: If fI)3(2 n +=+  where I and n are positive integers and 1,f0   show that (i) I is an 

odd integer and (ii) 1.f)(1f)(I =−+  

Solution: (i)  Now ,1320 −  since 268.032 =−  (approx.) 

   ;1)32(0 − n  we can take '.)32( fasn−  

 Now  ')32()32( ffInn ++=−++  

 But  L.H.S.  .....)3(2)3(222 44
4

22
2 +++= −− nnnnn CC  = an integer  

  (in fact an even integer) 

  RHS. = I + f + f = an even integer 

 Also  ,1' =+ ff  since f and f ’ are both positive proper fractions. 

  I = an even integer −1 = an odd integer. 

 (ii) nnffIffI )32()32()'()()1()( −+=+=−+  

   = (4 − 3)n = 1n = 1 

 Illustration 24 
 

Question: Let ( ) 12n
1155R

+
+=  and [R]Rf −= , where ][  denotes the greatest integer function. 

Prove that .4Rf 12n +=  

           IMPORTANT RESULTS 
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Solution: Greatest integer function is defined as follows: 
 [x ] = greatest integer x  

 In the case of positive number, x 
 [x ] =integral part of x 

  f = R − [R] implies that f is the fractional part of R 

   0 < f < 1 

 Since 55125,121125144 =  lies between 11 and 12. 

 111550 −  and hence 12)1155( +− n  will also be a proper fraction. 

 Let  12)1155( +−= ng  

 Now  gRgfR −=−+][  

  1212 )1155()1155( ++ −−+= nn  

   ....11)55(11)55(2 222
3

)12(12
1

)12( ++= −++ nnnn CC  

  = an even integer 

 Since ]R[  is an integer, the above implies ..).(0 gfeigf ==−  

 Hence 1212 )1155()1155( ++ −+== nnRgRf  

        1212 4)121125( ++ =−= nn

 

 

 

 If n  N, then the general term of the multinomial expansion (x1 + x2 + x3 + ….. + xk)
n is  

  ka

k

aaa

k

xxxx
aaaa

n
........

!!.....!!

!
321

321

321

 ,  

 where a1 + a2 + a3 + ….. + ak = n 

 and  0  ai  n, i = 1, 2, 3, ……. k.  

 and the number of terms in the expansion are n+k−1Ck−1. 
 Illustration 25 

 
Question: Find the total number of terms in the expansion of (x + y + z + w)n, n  N. 

Solution: The number of terms in the expansion of (x + y + z + w)n is n+4−1C4−1. 

  = n+3C3 

  = 
6

)1()2()3( +++ nnn
 

 Alternative method 
 We know that  

  nn wzyxwzyx )}(){()( +++=+++  

   22
2

1
1 )()()()(()( wzyxCwzyxCyx nnnnn +++++++= −−  

   n
n

n wzC )(....... +++  

  Number of terms in RHS. 

   )1.(1.....3.)1(2.)1( +++−+++= nnnn  

   
=

++−=

n

r

rrn

0

)1()1(  

   ( )
=

−++=
n

r

rnrn
0

2)1(  

     
= = =

−++=

n

r

n

r

n

r

rrnn

0 0 0

21)1(  

           MULTINOMIAL EXPANSION 
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6

)12()1(

2

)1(
.)(.)1(

++
−

+
++=

nnnnn
nnn  

   
6

)3()2()1( +++
=

nnn

 
 
 

 

 

 If n  R, −1 < x < 1, then 

  +
+−−−

++
−

++=+ .....
!

)1).....(2()1(
.....

!2

)1(
1)1( 2 rn x

r

rnnnn
x

nn
nxx  

 Note:  

 (i) In the expansion if n  R and n > 0 then −1 < x < 1. 
 (ii) nCr can not be used because it is defined only for natural number. 
 (iii) If x be so small then its square and higher powers may be neglected, then approximate value 

of (1 + x)n = 1 + nx. 
 Important results: 

 • .......)1(........1)1( 321 +−++−+−=+ − rr xxxxx  

 • ..................1)1( 321 ++++++=− − rxxxxx  

 • .......)1(.........1)1( 13
3

42
2

3
1

22 +−++−+−=+ +− r
r

rr xCxCxCxCx  

 • ..............1)1( 13
3

42
2

3
1

22 ++++++=− +− r
r

r xCxCxCxCx  

 • ......)1(......1)1( 23
3

52
2

4
1

33 +−++−+−=+ +− r
r

rr xCxCxCxCx  

 • ...........1)1( 23
3

52
2

4
1

33 ++++++=− +− r
r

r xCxCxCxCx  

 In general, the coefficient of xn in (1 − x)−k is n+k−1Ck−1  
 

 

 

 

 

 

 

 

 

           BINOMIAL THEOREM FOR ANY INDEX 
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