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Binomial Theorem

Any algebraic expression consisting of only two terms is known as binomial expression. The terms
may consist of variables x, y etc. or constants or their mixed combinations. For example: 2x + 3y, 4xy +
5 etc.

Binomial theorem gives a formula for the expansion of a binomial expression raised to any
positive integral power.
In general for a positive integer n

|
(X +y)"="Cox" +"Cyix"tyt + "Cox"2y? + ... + "CyX%" , where "C, = oo _r:.)l ”
forr=0,1,2, ....... , nis called binomial coefficient.
2.1 PROOF OF BINOMIAL THEOREM
The Binomial theorem can be proved by mathematical induction
Let P(n) stands for the mathematical statement
(x+a)"=x"+"C;x"ta+"C,x"?a’+..+"C, x""a" +...+a" ..(i)

Note that there are (n +1) terms in R.H.S. and all the terms are of the same degree in x and a together.
When n=1,L.H.S. =x+a and R.H.S. =x +a (there are only 2 terms)

. P (1) is verified to be true
Assume P(m) to be true

m

e TS +"C, xT Tas @C k" 2@t +...2C, x" Fa @ am L)

Multiplying equation (ii) by (x +a), we have
(x+a)" (x +a) =(x +a){Xm +M™C, x™"ta+M™C,x"%a*+..+"C, x" " a +...+a”‘}
e, (x+a)"tt=xmty (mcl +1)xma + (m02 X %4 E 3
+(mCr + mC,,l)xm‘”lar A e
=x""t 4 M, xMa+ MAC, x™ta® + ..
+MHC, x™H At 4 amtt ....(iii)
(using the formula "C, + "C, _, = "*%C,)
Equation (iii) implies that P(m + 1) is true and hence by induction P(n) is true.
Alternative method
By choosing x from all the brackets we get the term x". Choosing x from (n —1) factors and ‘a’

from the remaining factor we get x" ! a. But the number of ways of doing this is equal to the number of
ways of choosing one factor from n factors (i.e.,) "C,. Choosing x from (n —2) factor and a from the

remaining two factors, we get x" 2 a®. But the number of ways of doing this is equal to the number of
ways of choosing two factors from n factors. i.e., "C, . Finally choosing ‘a’ from all the factors we get the
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term a".
Sx+a)"=x"+"C;x"ta+"C,x" ?a’+..+"C, x""a" +..+a"
Illustration 1
1 6
Question: Expand [x ——J
X
6 2 3 4
Solution: (x_l) = bcyx® +°Cx° [‘_1)4, 6C2X4[—_1J + 6C3X3[—_1] 4 6C4X2(__1J
X X X X X

= x5 _6x4 +15x2 204 22 _ CIE.

5 6

+ 6C5x(_—1) + GCGXO[;l]

X X
_+_

x? x* x&

The general term in the expansion of (x +y)"is (r + 1) term, given by t.; = "C, x""y "where r =
0,1,2......... n.
e Every term in the expansion is of nth degree in variables x and y.
e The total number of terms in the expansion is n + 1.

n

e Binomial expansion can also be expressed as (x +y)" = z "C.x"y".

r=0
Illustration 2

20
Question: Find the 11" term in the expansion of (3x o ] .

x+/3

r
Solution: The general term =t, ,, = (-1)" ?°C, (3x)2°"(ij

xv/3

For the 11th term, we must take r = 10

10
o 1
Sty =tg,q = (—1)10 ZOC10 (3X)20 I (—J

1 0
_ 20(:10 310 410 _ 20Clo (ﬁ)l _ 20(:10 35

10
x'° (/3)
Ilustration 3

Question: The 2nd, 3rd and 4th terms of (x +y)" are 240, 720 and 1080 respectively. Find x, y and n.
Solution: t,="C, x" "ty =240

t3 = nCZ Xn_2 y2 =720
t, = "Cy x" 3 y3®=1080

n n-2 .2
Cox' "y" 720, N-1y 4 (i)
"C, x”_ly 240 2 X
"Cox"®y® 1080, n-2y_3 (i)
"c,x""2y%? 7207 7 3 x 2
Dividing equation (i) by equation (ii) we have
3(n—1)=2 =>n=5
2(n - 2)
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Using n = 5 in (i) we have y_ g
X

Substituting in t2 we have °C; x* g x =240

x>=32 = x=2andy=3
x=2,y=3andn=>5.

Illustration 4

9
Question: Find the term independent of x in (g - 3ij
X

ax2) " (—1)
Solution: The general term = °C, | 2 —
2 3X

< T
=(-1)" °C, ——-x
29 =TI
The term independent of x, (or the constant term) corresponds to x*® 73" peing
x0 or 18-3r=0 = r=6

.. the term independent of x is the 7t term and its value is

9-12 -3
(_1)69(:63;9_6:9033 =0 G

2% 3.2.1 (6° 18

In the binomial expansion of (x + y)"
4.1  WHENn IS ODD
There are (n + 1) i.e. even terms in the expansion and hence two middle terms are

given by
i ond n-1
t,,="C,yx?y? for r=——=
2 2 z
y = n+1
and tn+3 = nCn+1 X z y e fOf L= —
2 2 2

4.2 WHEN n IS EVEN
There are odd terms in the expansion and hence only one middle term is given by

n
t, ="Chp x"2y"? for r==
E+l 2
Illustration 5
Question: Find the middle term in the expression of (1 — 2x + x?)".
Solution: (1-2x+x3)"=[(1 - x)3"=(1 - x)>"

Here 2n is even integer, therefore, [27n + 1) thje. (n+ 1) term will be the middle term.

Now (n+ )™ termin (1 — x)2" = 2"C,, (1)2"™" (—x)"
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= 2n¢, (" = E
n'n!

|| Illustration 6 I
2n
1} g 135...2n-1)

Question: Prove that middle term in the expansion of (x +— |
X n!

Solution: Since 2n is even, therefore [%‘ + 1) th je. (n+ 1) term will be the middle term.
1 2n
Now (n + 1)t term i.e. middle term in (x +—J is given by
X

1)" 1
tn+1 — 2nCnX2n—n (_J - 2nCn Xn _n — ZnCn

X X
_(2n)! _2n(2n-1)(2n-3).....4.3.2.1
" ninl n'n!
_[35...2n-)2"n(n-D) (n-2) (n—3)....2.1]
- n'n!
_135..(2n-)2"n! 1.35...(2n-1)2"
- n!n! = n!

n

In the binomial expansion of (x +y)" = Z "C x"y'
r=0
e The binomial coefficients of the expansion equidistant from the beginning and the end are equal.
In other words "C, = "C._.
e The greatest binomial coefficient in the expansion is always the binomial coefficient of middle

term/terms.
|| Ilustration 7 I
Question: If the coefficient of (2r + 4)" term and (r — 2)™" term in the expansion of (1 + x)® are equal,
find r.
Solution: Since coefficient of (2r + 4)t term in (1 + x)18 = 18Cyp.3.
Coefficient of (r — 2)t term = 18C,_3
= BCo3 =18Cr3 = 2r+3+r-3=18

= 3r=18 = r=6.

|| Illustration 8 I

Question: Find the coefficient of x®in the expansion of (1 + x + x5)°.
Solution: A+ x+x3)° =[@+x)+x3]°
=@+x)? +9%C;, @A+ x)® x3+ %, @+x)" x°® +... ..(i)

The coefficient of x° in (L+ x)? is °C; i.e. °C,
The coefficient of x> in °C, (1+ x)® x® = coefficient of x? in °C, 1+ x)® = 9. 8C,

The remaining terms in (i) all contain powers of x higher than the fifth.

.. the required coefficientis °C, + 9 x 8C, = 9:-8:7-6 987 4
1-2-3-4 1-2
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Alternatively
[1+x(@+x%)]° =1+ °Cy x @+ x?) + °C, x? @+ x?)? + °C5 x® 1+ x?)®
+9C, x* @+ x%)* + ...

x 5 occurs in 4th and 6th terms only and it is equal to =3 x °C, + °Cy

=252+ 126 =378
Illustration 9

Question: Show that 112 + 122"*1 s divisible by 133.
Solution: 11" 2 p1220 2112 .11 + 12 (144)"
Now 144 and 121 should be expressed in terms of 133; 144 as (133 + 11) or 121 as (133 - 12)
=121-11" +12 (11+133)"
=11" (121 + 12) + terms containing 133 as a factor

=11" -133 + terms containing 133 as a factor
Hence the expression is divisible by 133.

n-r+1
[ ] = U
r
n!
"C,  (n-nir!  n-r+1
"C., n! r
(n—=r+)(r-1!
|| Illustration 10 I
Question: If ar be the coefficient of x"in the expansion of (1 + x)", then prove that
n+1)°
(ap +a,)(a, + az)....(an_1 . an)= ag-a; -8y ...a,_ 4 %
Solution: a, ="C,anda,_,="C,_;
alh " (r—l)!(n—r+1)!_n—r+1_n+1_l
& acll @l - )l n! r r

ar +a, 3 _n+1
a,_, r

...(i)
Puttingr=1,2, ..... n and multiplying together,
ao +a1 8.1+a2 an_1+an o (n +1)n
a, a "y 1.2..n

) (ag @ oo @y 1) (n + 1)

(@, +a;) (@ +ay).... (an L +a

The numerically greatest term (absolute value) in the expansion of (1 + x)" is determined by the
following process:
Let t+1 be the numerically greatest term, then |t | < | tr+1 | > | tr+2 |

tr+1

Considering >1

r
n-r+1
r

x[>1 = =l e
r
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—  (=r+Dx|2r = r<menX 0,
1+ x|
Also  |fri|sq
r+2
= r+1i >1 = r+l1l>(n-r)|x|
n—-r X
n|x|-1
>__1-1 =
1+ x|
= r>(n+1) X1 -1 ()]
1+ x|
Thus from (i) and (i) for t.1 to be the greatest term,
r<mandr>m-1 where m=(n+1) x|
1+ | x|
[}
[
n
[1+5] m=(n+1)M
a I+ | x/a|

Illustration 11

Question: Find the greatest term in the expansion of (4 + 3x)” when x = %

Solution: Here the greatest term means the numerically greatest term.
Itrt”I = 7C7Cr j;:: 83:_1 _8 r_r % _ 8T Gincex = 2/3
r r-1
N0W|tr+1|2|tr|if 8-r>2r or %zr
This inequality is valid only for r =1 or 2

Thus for r = :I,2;|t,+1|>|t,| and

for r =3,4;|tr+1

<[t
[ty [ <[ty |<|ta|>]ts |>]t5 | >
greatestterm = | t; | = 'C, 4° - (3x)?, where x=§

=21x 4° x 22 = 86016

In the binomial expansion of (1 + x)", let us denote the coefficients "C, , "C, , "C, , .....,

"C, ., 'C, by Co, C1,Co, ... ,Crynnn , Cn respectively.
e The sum of the binomial coefficients in the expansion of (1 + x)"is 2" :
. (L+X)"=Co+Cix+Cox?+ ........ + Cp X"
Putting x = 1
2"=Co+C1+Co+........ + C, (I)
n
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|| Ilustration 12 I
Question: Prove that the sum of the coefficients in the expansion of (1 + x — 3x?)?163 js —1.
Solution: Putting x = 1 in (1 + x — 3x2)2163, the required sum of coefficients

=(1+1-3)2163=(_1)2163 = ]

|| Illustration 13 I

Question: If the sum of the coefficients in the expansion of (ax? — 2x + 1)*® is equal to the sum of the
coefficients in the expansion of (x — ay)®, then find the value of a.
Solution: Sum of the coefficients in the expansion of (ox2 — 2x + 1)3
= Sum of the coefficients in the expansion of (x — ay)3®
Puttingx=y=1
(00— 1) = (1 - )%
= (a-1)%=—(aa—1)*®
-  2a-1)%=0
: a-1=0
a=1

e The sum of the coefficients of the odd terms in the expansion of (1 + x)" is equal to the
sum of the coefficients of the even terms and each is equal to 2"~

Since (1+X)"=Co+C1+Cox?+Cax3+ ....... SEEC TR
Putting x = -1,
0=Co-C1+Co—-Cz+........ +(—1)nCn
and 2"=Co+Ci1+Co+Cs+....... +Cy {from (i)}

Adding and subtracting these two equations, we get
2"=2(Co+Cy+Cys+...... yand2"=2(C; +C3+Cs + .....)

. Co+Co+Cst...... =C1+C3+C5+....=2n_1

sum of coefficients of odd terms = sum of coefficients of even terms = 2"

Illustration 14

Question:  Evaluate the sum : 8C; + 8C3 + 8Cs + 8Cx.
Solution: Since 8C1 + 8Cs + 8Cs + 8C7 = sum of even terms coefficients in the expansion of (1 + x)®
=281=27 =128,

Illustration 15

Question:  Showthat3.Co+7.Ci1+11.Co+..... +(4n + 3) Cn = (2n + 3) 2"
Solution: This problem can be done be differentiating the expansion of x3(1 + x*)" and putting x = 1.
X3 (1 + x4 =x3 (Co + Cix* + Cox8® + ...+ Cpx")
= Cox® + Cax’ + Cox1t + ...+ Cpx#*3
Differentiating we get,
= 3X2 (L + xH)" + x3n (1 + xH)"1 4x3 = 3x2Co + 7X8C1 + 11X0C2 + .... + (4n + 3)x*"2C,
Now substituting x = 1 in both sides.
= 3Co+7C1+ 11Co + ...... + (4n + 3) Cy
=3(2") + 4n (2)"*
=(3+2n)2"
Alternative method
Let S=3-Cy+7-C; +11-C, +...... +(4n-1 "C,_, +(4n +3)C,
S=(4n+3)Cy +(4n-1C; +...+3C,
Adding
2S =(4n+6){Cy +Cy +..... +C, = (4n + 6) 2"

S=(2n+3)2"

Illustration 16
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Question:
Solution:

ShowthatC;1+2.Co+3.Cs+...... +n.Ch=n.2"1,

The problem can be done by differentiating the expansion of (1+ x)" and then putting x =1

Alternative method
The numbers multiplying binomial coefficients are 1, 2, 3, ...., n and these are in arithmetic
progression.

Let S=C;+2:-C,+3:C3+...+(n-1)C,,_; +n-C,
S=n-Ci+(n-YC;+(n-2)C, +(n-3)-C5 +...+1-C,, _4
(Writing the terms in the reverse order and remembering that C, = Cy), adding
2S=n-Cy+n.C;+n-C, +.....+n-C,_, +n-C,
=n-[Cy+C; +Cy +.uue Cp,]l=n-2"
S=n.2""1
Alternative method
S="C;+2-"C, +3-"C5 +....+n-"C,

_n+ 220 (n - SENE T N,
12 1-2-3
:n{l+n—1+(n—1)(n—2)+(n—l)(n—Z)(“—3)+....+1}
1 1.2 1-2-3

= n{(”‘l)C0 + 09, + " VC, 4.+ Cn,l}

=n-@+)"t=n.2""

|| Illustration 17 I

Question:
Solution:

Showthat C;—=2.C;+3.C3-4.Cs+ ...+ (-1)"n.Cna=0.
The problem can be done by differentiating the expansion of (1+ x)" and then putting x =—1.
Alternative method
LHS. ="C;-2-"C, +3-"C3 —...+(-)"*.n-"C,
—nfi- 00, + D, — Mg, 4L+ ()"0,
=n@-)"t=nx0=0

"C
k

r

Illustration 18

Question:

Solution:

n+1
Show that CO+&+C—2+....+ Cn =2 1
2 n+1 n+1

Integrating the expansion of (1 + x)" between the limits 0 to 1.

2 net |1

1
n+l
(Ch i =COX+C1X7+...+Cn

n+1

n+1
0

C C C n+1
= CO+?1+—2+....+ n__2 1

n+l n+1
Alternative method

n n n n
LHS. =1+ € + Ca + Cs ot Cn
2 3 4 n+1
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=1+E+n(n—1)+n(n—1)(n—2)+m+n(n—1)(n—2)...3-2-1
2 1.2.3 1.2-3-4 1.2-3..n-(n+1)
_ 1 (n+1)+(n+1)n+(n+1)n(n—1)+m+(n+1)n(n—1)...3-2-1
n+1 1-2 1-2-3 1-2-3...(n+12
1 [+ (n+1) (n+1) (n+1)
=— C, + C, + Cs; +...+ C
(n+1){ 1 2 3 n+1}

__ {2"*1 — 1} (from the expansion of (1+ 1)

n+1
(n+1 )

Illustration 19

Question:  Show that

(n+1)
2-CO+22-&+23-&+...+2"+1 C, _3 L
2 3 n+1 n+1
Solution: Integrating the expansion of (1 + x)" between the limits 0 to 2.

2 2

2 n+l
X X
=Cox+Cl7+...+Cn

(1+ X)n+l
n+1
0 0

n+1

&+...+2"+1 o =3(n+1)_1
n+1 n+1

= 2-CO+22-%+23-

Alternative method

LHS. = 1 1 {(n +1)C1 .2+ (n+1)C2 . 22 + (n+1)03 . 23 + ...+ (n+1)cn ol 2(n+1)}
n+
=_n11 {1+ MFDC, .24+, 22 | + @D . 201+ D —1}
n+1
I {(1+ 2"+t —1}:3—1
(n+1 n+1
[ ]
Illustration 20
. |
Question:  Show that C§ +C{ +C} +...+C} = %
n
Solution: This example can be solved by considering two binomial expansions (1+ x)" and (1+ 1) in
X

. - 1 ) .
which the coefficients of x" and —- are equal and in the product of these expansions the constant
X

term will contain the square of binomial coefficients.

Consider (1+ x)" =Cy +C; x+C, x? +C, x"
n
1421 =Cq +&+C—2+...+C—"

Taking the product of these two expansions and collecting the constant term in the product,
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Constant term in R.H.S. =C§ +CZ +C5 +....C2

n
= constant term in L.H.S. = constant term in (1+ x)" [1+ 1]
X

2n
= constant term in % = coefficient of x" in (1+ x)*"
X
!
— 2nCn — (zn)'
() (n!)

Ilustration 21

Question:  Show that C§ —CZ +CZ =C3 + ... + (-))"C?

0,if nis odd
(-1)"? n!

n
Solution: Consider the product of the expansion of (1+ x)" and [1— 1) and compare the constant term.
X

,if nis even.

n
CZ-CZ+C3+..+(-)"C? = constant term in (1+ x)" (1— i)
X

@+x)" (x-1n"

n

= constant term in
X

()" (@-x?)"
Xn

= coefficient of x" in (-1)" 1 — x?)"

= constant term in

=0, if n is odd since all the terms in (1— x?)" contain only even power of x
= coefficient of x2™ in (=1)*™(1— x?)", if n is even = 2m
m (2m)! ! ("2

LB

= ()™ *"C, =(-)™ *"C,, = (-]

Ilustration 22

Question:  Show that

2n)!
c,C, +C,C,,,+C,C..,+..+C, . C, = (2n)
(n=n!(n+r)!
Solution: Consider (1+ x)" =Cy +C;x + Cox? + ... +C,x" +C, . x" "1 + ... +C,x"
n
C
and (1+1J =C, +&+C—2+...+C—r+ rel +...+C—n
X X X2 XI‘ XI‘ +1 Xn
In the product of these two expansions, collecting the coefficient of x
2n
CyC, +C,C,,1+C,C, 5 +...+C,,_, C,, =coefficientof x" in %
X

= coefficient of x"*" in 1+ x)*"

2 _ (2n)!
T+ (n=r)!
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8.1 If (\/E +Q)" =1+f where | and n are positive integers, n being odd, and
0 <f <1, then show that (I +f)f=k"where P —Q?=k >0 and +P -Q <1.
Proof. Given \/E—Q <1
0<HP-Q)" <1
Now let (P -Q)" =f' where0<f <1
| +f —f' =P +Q)" (P —-Q)"

RHS contains even powers of JP ("~ nis odd)
= RHS s an integer
Since RHS and | are integers,
f —f is also integer.
R f-f=0 v -1l<f-f<1
or f=F
(+H)f=(+H)f =P +Q)" (P -Q"=(P-Q%)" =k".

8.2 If (\/E+Q)"=I+f where | and n are positive integer, n being even, and

0 <f <1, then show that (I + f) (1 —f) = k" where P - Q?=k >0 and \/E—Q <1
Proof : If nis an even integer then
P +Q)" + (WP —Q)" =1 +f +f’
Hence LHS and | are integer.
: f + f' is also integer.

= f+f= c0<f+f <2
f=1-f)
Hence (1+H)(1-F) =01 +f)f =P +Q)" (VP -Q)"
=(P=Q) =k"
Question:  If 2+ +/3)" =1+ f where | and n are positive integers and 0 <f <1, show that (i) I is an
odd integer and (ii) (I+f) (1-f)=1.
Solution: () Now 0<2-+3 <1 since 2—+/3 =0.268 (approx.)

~0<(2-+/3)" <1 we can take (2 — v/3)" as f.

Now (2++3)" +(2-3)" =1 +f +f

But L.H.S. =2 {2“ +"C,2" " 2(/3)2 + "C,2" 4(W3)* +..... }= an integer
(in fact an even integer)

RHS. = | + f + f = an even integer
Also f +f'=1, since fand f’ are both positive proper fractions.

| = an even integer —1 = an odd integer.

(.i.i) I+H)A-f)=+f)(F)=@+B)" - (2-3)"

=(4-3)=1=1
Illustration 24

Question: Let R =(5 J§+11)2n+1 and f =R —[R], where [ ] denotes the greatest integer function.

Prove that Rf = 42"*1,
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Solution: Greatest integer function is defined as follows:
[x ] = greatest integer < X

In the case of positive number, x

[x ] =integral part of x

- =R —[R] implies that f is the fractional part of R
© 0<f<1

Since 144 >125 > 121, 4125 = 5,/5 lies between 11 and 12.
~.0<545 —11<1 and hence (55 —11)2" ** will also be a proper fraction.
Let g=(5v5-11)>"*1
Now [R]+f-g=R-g

= (545 +1)2" 1 — (55 —17)2" +1

—2{ @i, (5/5)2 .11t + @+ 0c, (5/5)2" 2. 112 4 . |

= an even integer
Since [R] is an integer, the above implies f —g=0(i.e)f =g.
Hence Rf =Rg = (5v5 +11)2"*1 . (55 — 11)2"+1

— (125 —121)2N +1 = 420 +1

If n € N, then the general term of the multinomial expansion (X1 + X2 + X3 + ..... +x)" is
n!

a1 ap ag ag
X1 X352 X3 ... X .
a,la,lazl..a! + 2 ° <
where asta+tas+.....+ta=n
and O<ai<n,i=1,23, ....... k.

and the number of terms in the expansion are "*'Cy.;.

|| Illustration 25 I

Question: Find the total number of terms in the expansion of (x +y +z+w)", n € N.
Solution: The number of terms in the expansion of (X +y + z + w)" is "4 1Cy41.
= n+3C3
_(M+3)(n+2)(n+1)
6

Alternative method
We know that

X+y+z+w)" ={(x+y)+(z+w)"
=(x+y)" +"Cy((x+y)"Hz +W) + "C,(x +y)"P(z +W)?
= +"'C (z+w)"

Number of terms in RHS.
=n+)+n.2+(n-D.3+....+1.(n+12)

NgE

(n-r+H(r+2

_‘
S
o

= ((n+1)+nr—r2)

=

0
=(n+1)Zn:1+ nzn:r —Zn:rz
r=0 r=0 r=0

5 MAHESH SIR’S NOTES - 7798364224




— A T TSmarNotes _

BN SMARTLEARN
COACHING

=(n+1.(n)+n.

nin+1) n(n+1)(2n+1
2 6
_(n+)(n+2)(n+3)
6

IfneR,-1<x<1,then
+n(n—1)(n—2) ..... (n—r+1)Xr N

@+x)" =1+nx+ '
r!

n(n'—l) W2 4

Note:

(i) Inthe expansionifne Randn>0then-1<x<1.

(i) "C, can not be used because it is defined only for natural number.

(i) If x be so small then its square and higher powers may be neglected, then approximate value
of(1+x)"=1+nx.

Important results:

o (A+X)tT=1-x+x%Z-x>+....... SRESIEX i
o (A-X)t=14+x+x%+x3 4. TS .
o (L+x)?=1-2C;x+3C,x* = Cox® +......... +(=)" ™, x" +.......

o (1-x)?=1+Cx+%Cx* + *Cox® o+ "X e

o (1+x)? =1-3Cx+*Cyx* =°Cox® +..... + (=)' "2C,x" +......
o (1-x)° =1+3Cx +Cux? + °Cox® + .+ TPC X+

In general, the coefficient of X in (1 — x) ™ is ™1Cy 4
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