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1 (d) 

Let g𝑛(𝑥) = 1 + 𝑥
2 + 𝑥4+. . . +𝑥2𝑛 =

𝑥2𝑛+2−1

𝑥2−1
 

∴ ℎ𝑛(𝑥) = g𝑛
′ (𝑥) =

2𝑥(𝑛𝑥2𝑛+2 − (𝑛 + 1)𝑥2𝑛 + 1)

(𝑥2 − 1)2
 

Now, 𝑓(𝑥) = lim
𝑛→∞

ℎ𝑛(𝑥) =
2𝑥

(𝑥2−1)2
 

As 0 < 𝑥 < 1 

Thus, ∫𝑓(𝑥)𝑑𝑥 = ∫
2𝑥

(𝑥2−1)2
𝑑𝑥 

= −
1

𝑥2 − 1
=

1

1 − 𝑥2
 

2 (c) 

∫
𝑑𝑥

sin 𝑥 − cos 𝑥 + √2
 

= ∫
𝑑𝑥

sin𝑥
√2

√2
− cos 𝑥

√2

√2
+ √2

 

= ∫
𝑑𝑥

√2(sin𝑥 sin
𝜋
4 − cos 𝑥 cos

𝜋
4 + 1) 

 

=
1

√2
∫

𝑑𝑥

1 − cos ( 𝑥 +
𝜋
4
)

 

=
1

√2
∫

𝑑𝑥

1 − cos 2 (
𝑥
2 +

𝜋
8)

 

=
1

√2
∫

𝑑𝑥

2 sin2 (
𝑥
2 +

𝜋
8)

 

=
1

2√2
∫cosec2 (

𝑥

2
+
𝜋

8
)𝑑𝑥 

= −
1

2√2
∙
−cot(

𝑥

2
+
𝜋

8
)

1

2

+c=
1

√2
cot (

𝑥

2
+
𝜋

8
) + 𝑐 

3 (a) 

Let 𝐼 = ∫
cos𝑥

1+sin𝑥

𝜋 2⁄

0
 𝑑𝑥 

= [log(1 + sin 𝑥)]0
𝜋 2⁄  

= log 2 − log 1 = log 2 
4 (b) 

Let 𝐼 = ∫
2 sin−1

𝑥

2

𝑥
𝑑𝑥

1

0
 

Put  sin−1
𝑥

2
= t ⇒

𝑥

2
= sin 𝑡  

⇒ 𝑥 = 2 sin 𝐼 
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⇒ 𝑑𝑥 = 2 cos 𝑡 𝑑𝑡 

∴ 𝐼 = ∫
2𝑡

2 sin 𝑡
. 2 cos 𝑡 𝑑𝑡

𝜋
6

0

 

= ∫
2𝑡

tan 𝑡
𝑑𝑡

𝜋
6

0

 

= ∫
2𝑥

tan 𝑥
𝑑𝑥

𝜋
6

0

 

5 (a) 

Given ,∫ (
1

log 𝑥
−

1

(log𝑥)2
)

𝑒

2
𝑑𝑥 = 𝑎 +

𝑏

log2
 

Put log 𝑥 = 𝑧 ⇒ 𝑥 = 𝑒𝑧 ⇒ 𝑑𝑥 = 𝑒𝑧𝑑𝑧 

∴ ∫ (
1

log 𝑥
−

1

(log 𝑥)2
) 𝑑𝑥 = ∫ (

1

𝑧
−
1

𝑧2
) 𝑒𝑧

1

log2

 𝑑𝑧
𝑒

2

 

= ∫ 𝑒2
1

log 2

(
1

𝑧
+ 𝑑 (

1

𝑧
))𝑑𝑧 

= [𝑒2.
1

𝑧
]
log2 

1

= 𝑒 −
2

log 2
 

∴  𝑎 = 𝑒 and 𝑏 = −2 
7 (c) 

Let 𝐼 = ∫
𝑥 𝑑𝑥

[𝑥+√1−𝑥2]√1−𝑥2

1

0
 

Put 𝑥 = sin θ ⇒ 𝑑𝑥 = cos θ𝑑θ 

∴    𝐼 = ∫
sin θ cos θ𝑑θ

(sin θ + cos θ). cos θ

𝜋/2

0

 

⇒ 𝐼 = ∫
sin θ

sin θ + cos θ
𝑑θ…(i)

𝜋/2

0

 

⇒ 𝐼 = ∫
sin (

𝜋
2 − θ)

sin (
𝜋
2 − θ) + cos (

𝜋
2 − θ)

𝑑θ
𝜋/2

0

 

⇒ 𝐼 = ∫
cosθ

sinθ+cosθ
𝑑θ

𝜋/2

0
…(ii) 

On addingEqs. (i) and (ii), we get 

2𝐼 = ∫ (
sin θ + cos θ

sin θ + cos θ
) 𝑑θ

𝜋/2

0

 

= ∫ 1𝑑θ =
𝜋

2
 ⇒ 𝐼 =

𝜋

4

𝜋/2

0

 

8 (d) 

Let 𝐼 = ∫ cot−1(1 − 𝑥 + 𝑥2)𝑑𝑥
1

0
 

= ∫ tan−1 (
1

𝑥2 − 𝑥 + 1
)𝑑𝑥

1

0

 

= ∫ tan−1 (
𝑥 − (𝑥 − 1)

1 + 𝑥(𝑥 − 1)
) 𝑑𝑥

1

0

 

= ∫ tan−1 𝑥 𝑑𝑥 − ∫ tan−1(𝑥 − 1)𝑑𝑥
1

0

1

0
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= ∫ tan−1 𝑥 𝑑𝑥 − ∫ tan−1(1 − 𝑥 − 1)𝑑𝑥
1

0

1

0

 

= 2∫ tan−1 𝑥 𝑑𝑥 = 2 [𝑥 tan−1𝑥 − ∫
𝑥

1 + 𝑥2
𝑑𝑥]

0

11

0

 

= 2 [𝑥 tan−1 𝑥 −
1

2
log(1 + 𝑥2)]

0

1

 

= 2 [(1 tan−1 1 −
1

2
log 2) − (0 −

1

2
log 1)] 

=
𝜋

2
− log 2 

9 (a) 

Let 𝐼 = ∫
𝑑𝑥

(𝑥−3)√𝑥+1

15

8
 

Put 𝑥 = tan2 θ ⇒ θ = tan−1 √𝑥 
𝑑𝑥 = 2 tanθ sec2 θ 𝑑θ 

∴ 𝐼 = ∫
2 tanθ sec2 θ

(tan2 θ − 3)√tan2 θ + 1
𝑑θ

tan−1 √15

tan−1 √8

 

= ∫
2 tanθ sec2 θ

(sec2 θ − 1 − 3) secθ
𝑑θ

tan−1 √15

tan−1 √8

 

= ∫
2 tanθ sec2 θ

(sec2 θ − 4) secθ

tan−1 √15

tan−1 √8

𝑑θ 

= ∫
2 tanθ sec θ

(sec2 θ − 4)
𝑑θ

tan−1 √15

tan−1 √8

 

= [
1

2
log

(sec θ − 2)

(sec θ + 2)
]
tan−1 √8

tan−1 √15

[∵  ∫
1

𝑥2 − 𝑎2
𝑑𝑥 =

1

2𝑎
log (

𝑥 − 𝑎

𝑥 + 𝑎
)] 

=
1

2
[log (

sec tan−1 √15 − 2

sec tan−1 √15 + 2
) − log(

sec tan−1 √8 − 2

sec tan−1 √8 + 2
)] 

=
1

2
[log (

sec sec−1 4 − 2

sec sec−1 4 + 2
) − log (

sec sec−1 3 − 2

sec sec−1 3 + 2
)] 

=
1

2
[log

2

6
− log

1

5
=
1

2
log

5

3
] 

10 (c) 
We have, 

⇒ 𝐼 = ∫{1 + 2 tan 𝑥 (tan 𝑥 + sec 𝑥)}1/2𝑑𝑥 

⇒ 𝐼 = ∫{1 + tan2 𝑥 + tan2 𝑥 + 2 tan 𝑥 sec 𝑥}1/2 𝑑𝑥 

⇒ 𝐼 = ∫(sec2 𝑥 + tan2 𝑥 + 2 tan 𝑥 sec 𝑥)1/2𝑑𝑥 

⇒ 𝐼 = ∫(tan 𝑥 + sec 𝑥)𝑑𝑥 

⇒ 𝐼 = log sec 𝑥 + log(sec 𝑥 + tan 𝑥) + 𝐶 
⇒ 𝐼 = log sec 𝑥 (sec 𝑥 + tan 𝑥) + 𝐶 
11 (a) 
We have, 

𝐼1 = ∫
1

1 + 𝑥4

∞

0

𝑑𝑥 and𝐼2 = ∫
𝑥2

1 + 𝑥4

∞

0

𝑑𝑥 
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Putting 𝑥 =
1

𝑡
in 𝐼1, we get 

𝐼1 = ∫
𝑡4

1 + 𝑡4

0

∞

× −
1

𝑡2
𝑑𝑡 = ∫

𝑡2

𝑡 + 𝑡4

∞

0

𝑑𝑡 = 𝐼2 ⇒
𝐼1
𝐼2
= 1 

12 (c) 

Let 𝐼 = ∫
sin𝑥 

3+4cos2 𝑥
𝑑𝑥 

Put cos 𝑥 = 𝑡 ⇒  − sin 𝑥 𝑑𝑥 = 𝑑𝑡 

∴ 𝐼 = ∫
−𝑑𝑡

3 + 4𝑡2
=
−1

4
∫

𝑑𝑡

𝑡2 + (
√3
2 )

2 

⇒ 𝐼 = −
1

4 ∙
√3
2

∙ tan−1
𝑡

(
√3
2 )

+ 𝑐 

= −
1

2√3
tan−1

2𝑡

√3
+ 𝑐 

⇒ 𝐼 =
1

2√3
tan−1 (

2 cos 𝑥

√3
) + 𝑐 

13 (c) 

Let 𝑓(𝑥) = 𝑒cos
2𝑥. cos3(2𝑛 + 1)𝑥 

Then, 𝑓(𝜋 − 𝑥) = 𝑒cos
2(𝜋−𝑥). cos3[(2𝑛 + 1)𝜋 − (2𝑛 + 1)𝑥] 

= −𝑒cos
2 𝑥. cos3(2𝑛 + 1)𝑥 

⇒ 𝑓(𝜋 − 𝑥) = −𝑓(𝑥) 
∴ 𝑓(𝑥)is an odd function. 

Hence, ∫ 𝑒cos
2 𝑥𝜋

0
. cos3(2𝑛 + 1)𝑥 𝑑𝑥 = 0 

14 (b) 

Given ,
𝑑

𝑑𝑥
{𝑓(𝑥)} =

1

1+𝑥2
 

On integrating both sides, we get 
𝑓(𝑥) = tan−1 𝑥 

∴  
𝑑

𝑑𝑥
 𝑓(𝑥3) =

𝑑

𝑑𝑥
 (tan−1 𝑥3) 

=
1

1 + (𝑥3)2
. 3𝑥2 

=
3𝑥2

1 + 𝑥6
 

15 (d) 

Let 𝐼 = ∫ [cot 𝑥]𝑑𝑥 … (i)
𝜋

0
 

⇒ 𝐼 = ∫ [cot(𝜋 − 𝑥)]𝑑𝑥 = ∫ [− cot 𝑥]𝑑𝑥    … (ii)
𝜋

0

𝜋

0

 

On addingEqs. (i) and (ii),  

2𝐼 = ∫ [cot 𝑥]𝑑𝑥 + ∫ [− cot 𝑥]𝑑𝑥
𝜋

0

𝜋

0

 

= ∫ (−1)𝑑𝑥
𝜋

0

 

[∵ [𝑥] + [−𝑥] = −,if𝑥 ∉ 𝑧 𝑎𝑛d[𝑥] + [−𝑥] = 0,if𝑥 ∈ 𝑧] 
= [−𝑥]0

𝜋 = −𝜋 
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∴  𝐼 = −
𝜋

2
 

16 (c) 

Let 𝐼 = ∫ (|𝑥 + 1| + |𝑥 + 2| + |𝑥 − 1| )𝑑𝑥
2

−3
 

Again, let 𝑓(𝑥) = |𝑥 + 1| + |𝑥 + 2| + |𝑥 − 1| 

=

{
 
 

 
 
−(𝑥 + 1) − (𝑥 + 2) − (𝑥 − 1), −3 < 𝑥 ≤ −2
−(𝑥 + 1) + 𝑥 + 2 − (𝑥 − 1),    − 2 < 𝑥 ≤ −1
1 + 𝑥 + 𝑥 + 2 − (𝑥 − 1)     − 1 < 𝑥 ≤ 0

1 + 𝑥 + 𝑥 + 2 − (𝑥 − 1)     0 ≤ 𝑥 < 1
1 + 𝑥 + 𝑥 + 2 + 𝑥 − 1     1 ≤ 𝑥 < 2

 

= {

−3𝑥 − 2,      − 3 < 𝑥 ≤ −2
−𝑥 + 2, −2 < 𝑥 ≤ −1
𝑥 + 4, −1 ≤ 𝑥 < 1
3𝑥 + 2,      1 ≤ 𝑥 < 2

 

∴ 𝐼 = ∫ (−3 − 2)𝑑𝑥 + ∫ (−𝑥 + 2)𝑑𝑥
−1

−2

−2

−3

 

+∫ (𝑥 + 4)𝑑𝑥 + ∫ (3𝑥 + 2)𝑑𝑥
2

1

1

−1

 

= [−
3𝑥2

2
− 2𝑥]

−3

−2

+ [−
𝑥2

2
+ 2𝑥]

−2

−1

 

+[
𝑥2

2
+ 4𝑥]

−1

1

+ [
3𝑥2

2
+ 2𝑥]

1

2

 

= [−6 + 4 − (−
27

2
+ 6)] + [−

1

2
− 2 − (−2 − 4)] 

+[
1

2
+ 4 − (

1

2
− 4)] [6 + 4 − (

3

2
+ 2)] 

=
11

2
+
7

2
+ 8 +

13

2
 

=
31

2
+ 8 =

47

2
 

Alternate 

Let 𝐼 = ∫ {|𝑥 + 1| + |𝑥 + 2| + |𝑥 − 1|}𝑑𝑥
2

−3
 

= ∫ |𝑥 + 1|𝑑𝑥 + ∫ |𝑥 + 1|𝑑𝑥 + ∫ |𝑥 + 2|𝑑𝑥
−2

−3

2

−1

−1

−3

 

+∫ |𝑥 + 2|𝑑𝑥 + ∫ |𝑥 − 1|𝑑𝑥
1

−3

2

−2

 

+∫ |𝑥 − 1|𝑑𝑥
2

1

 

= −∫ (𝑥 + 1)𝑑𝑥 + ∫ (𝑥 + 1)𝑑𝑥 − ∫ (𝑥 + 2)𝑑𝑥
−2

−3

2

−1

−1

−3

 

+∫ (𝑥 + 2)𝑑𝑥 − ∫ (𝑥 − 1)𝑑𝑥 + ∫ (𝑥 − 1)𝑑𝑥
2

1

1

−3

2

−2

 

= −(
𝑥2

2
+ 𝑥)

−3

−1

+ (
𝑥2

2
+ 𝑥)

−1

2

− (
𝑥2

2
+ 2𝑥)

−3

−2
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+(
𝑥2

2
+ 2𝑥)

−2

2

− (
𝑥2

2
− 𝑥)

−3

1

− (
𝑥2

2
− 𝑥)

1

2

 

=
47

2
 

17 (b) 

∫ |𝑥3 + 𝑥2 + 3𝑥|𝑑𝑥
3

0

= ∫ (𝑥3 + 𝑥2 + 3𝑥)𝑑𝑥
3

0

 

= [
𝑥4

4
+
𝑥3

3
+
3𝑥2

2
]
0

3

 

=
81

4
+
27

3
+
27

2
=
171

4
 

18 (b) 

∫
𝑑𝑥

sin 𝑥 cos 𝑥
= ∫

cos 𝑥

sin 𝑥 cos2 𝑥
𝑑𝑥 

= ∫
1

tan 𝑥
sec2 𝑥 𝑑𝑥 = log | tan 𝑥| + 𝑐 

19 (b) 

Let 𝐼 = ∫ {| sin 𝑥| −
1

2
| sin 𝑥|} 𝑑𝑥

2𝑛𝜋

0
 

= ∫
1

2

2𝑛𝜋

0

| sin 𝑥|𝑑𝑥 

=
1

2
[∫ | sin 𝑥|𝑑𝑥 + ∫ | sin 𝑥| 𝑑𝑥+. . .

4𝜋

2𝜋

2𝜋

0

 

+∫ | sin 𝑥}𝑑𝑥 ]
2𝑛𝜋

2(𝑛−1)𝜋

 

Now, 𝐼1 = ∫ | sin 𝑥|𝑑𝑥
2𝜋

0
 

= ∫ sin 𝑥 𝑑𝑥 − ∫ sin 𝑥 𝑑𝑥
2𝜋

𝜋

𝜋

0

 

= [− cos 𝑥]0
𝜋 + [cos 𝑥 ]𝜋

2𝜋 = 4 

∴  𝐼 =
1

2
[4 + 4 + 4+. . . +𝑛 times] 

=
1

2
(4𝑛) = 2𝑛 

𝐼 = ∫
1

2
| sin 𝑥| 𝑑𝑥

2𝑛𝜋

0

 

Since |sin 𝑥| is periodic with period 𝜋. 

∴  𝐼 = 2𝑛∫
| sin 𝑥|𝑑𝑥

2

𝜋

0

 

𝐼 = 𝑛∫ sin 𝑥 𝑑𝑥
𝜋

0

 

= [− cos 𝑥 ]0
𝜋 

⇒ 𝐼 = 2𝑛 
Alternate 

𝐼 = ∫
1

2
| sin 𝑥|𝑑𝑥

2𝑛𝜋

0
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Since, |sin 𝑥|is periodic with period 𝜋. 

∴ 𝐼 + 2𝑛∫
| sin 𝑥|

2

𝜋

0

𝑑𝑥 = 𝑛∫ sin 𝑥 𝑑𝑥 = 𝑛[− cos 𝑥 ]0
𝜋

𝜋

0

 

⇒   𝐼 = 2𝑛 
20 (d) 

Given,  ∫ 𝑥3 𝑑𝑥 = 0
𝑏

𝑎
 and ∫ 𝑥2 𝑑𝑥 =

2

3

𝑏

𝑎
 

If we take 𝑎 = −1and 𝑏 = 1, then it will satisfy the given integration. 
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