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1.1 EVALUATION OF DETERMINANTS 

 Determinants of second order: The symbol 
22

11

ba

ba
consisting of 22 numbers called elements, 

arranged in two rows and two columns, is called a determinant of second order. The elements a1 and b2 
are said to lie along the principal diagonal; the elements a2 and b1 are said to lie along the secondary 
diagonal. 
The value of the determinant is obtained by forming the product of the elements along the principal 
diagonal and subtracting from it the product of the elements along the secondary diagonal. 

Thus 1221

22

11
baba

ba

ba
−=  ... (i) 

 Determinants of third order: The symbol 

333

222

111

cba

cba

cba

 consisting of 32 elements arranged in 

three rows and three columns, is called a determinant of third order. Its value is 

a1b2c3 + a2b3c1 + a3b1c2 − a1b3c2 − a2b1c3 − a3b2c1 

This may be written as a1 (b2c3 − b3c2) − b1 (a2c3 − a3c2) + c1 (a2b3 − a3b2) 

or  
33

22
1

33

22
1

33

22
1

ba

ba
c

ca

ca
b

cb

cb
a +−  

We can therefore write 

 
33

22
1

33

22
1

33

22
1

333

222

111

ba

ba
c

ca

ca
b

cb

cb
a

cba

cba

cba

+−=         ... (ii) 

 Note that each term of a second order determinant is the product of two quantities and each term 
of a third order determinant is the product of three quantities. 
1.2 MINORS 
 The minor of a given element of a determinant is the determinant of the elements which remain 
after deleting the row and the column in which the given element occurs. 

For example, the minor of a1 in (ii) is 
33

22

cb

cb
,  and the minor of b2 in (ii) is 

33

11

ca

ca
 

 The minor of a1 in (i) is b2 and b2 may be considered a determinant of first order. Similarly, the 
minor of a2 is b1. 
1.3 COFACTORS 
 In (ii), the elements a1, b1, c1 are multiplied by 

 
33

22

33

22

33

22
,,

ba

ba

ca

ca

cb

cb
−  

These expressions are called the cofactors of the elements a1, b1, c1. 
 Generally, the cofactor of an element is its minor with its sign or opposite sign prefixed in 
accordance with the following rule: 
 For any determinant if aij be the element at the intersection of the ith row and jth column, then the 
cofactor of aij has positive sign or negative sign before minor of aij according as i + j is even or odd. The 
determinant may be expanded along any chosen row or column. 
 The cofactors of the elements a1, b1, c1, a2, b2, c2, a3, b3, c3 will be denoted by A1, B1, C1, A2, B2, 
C2, A3, B3, C3 respectively.  
 For example, element b3 in (ii) lies at the intersection of the third row and the second column. 
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Since 3 + 2 = 5 is an odd number, we have 

 
22

11
3

ca

ca
B −=  

 The cofactor B2 of the element b2 is 
33

11

ca

ca
+ , because element b2 lies at the intersection of the 

second row and the second column, and 2 + 2 = 4 is an even number. 

 Let the determinant (ii) be denoted by . When the cofactors are used, the expansion of the 
determinant takes the compact form: 

  = a1A1 + b1B1 + c1C1 = a2A2 + b2B2 + c2C2 = a3A3 + b3B3 + c3C3. 

  = a1A1 + a2A2 + a3A3 = b1B1 + b2B2 + b3B3 = c1C1 + c2C2 + c3C3  
and  a2A1 + b2B1 + c2C1 = 0 = a2A3 + b2B3 + c2C3 etc. 

 

 

 
1. If two rows in a determinant are interchanged, the sign of the determinant changes.  

For example, by interchanging the two rows of the determinant 
22

11

ba

ba
, we get the determinant 

11

22

ba

ba
 

But we have 
11

22

ba

ba
 = − 

22

11

ba

ba
 

2. If the numbers in one row are added, m times the numbers in another row, the value of the 
determinant remains unaltered. 

For example, 
22

11

22

2121

ba

ba

ba

mbbmaa
=

++
 

This rule can be extended to more number of rows for higher order determinants.  
3. If rows and columns are interchanged, the value of the determinant remains unaltered. 

For example, 
21

21

22

11

bb

aa

ba

ba
=  

Another way of saying this is that it makes no difference if we reflect the numbers of the determinant in 
the line of the principal diagonal. This means that any statement that can truly be made about rows in 
particular results (1) and (2) can equally well be made about columns. 
4. If all the numbers in any row are zeros, the value of the determinant is zero. 

For example, 0000

333

111

=

cba

cba

 

5. If two rows are identical, the value of the determinant is zero. 

For example, 0

111

222

111

=

cba

cba

cba

 

6. If the elements of a row are multiplied by any number m, the determinant is multiplied by m. 

For example, 

333

222

111

333

222

111

cba

cba

cba

m

cba

cba

mcmbma

=  

7. Row-Column Operations : The value of determinant remains unchanged when any row (or 
column) is multiplied by a number or any expression and then added or subtracted from any other 
row (or column). 
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i.e.   

32321

32321

32321

321

321

321

ccncmcc

bbnbmbb

aanamaa

ccc

bbb

aaa

−+

−+

−+

=    

 The above operation is written as 3211 nCmCCC −+→  means 1C  is replaced by 

321 nCmCC −+ .  

 
 

 

 
 

 

333

222

111

1Let

cba

cba

cba

=  and 

333

222

111

2

cbd

cbd

cbd

=  be two third order determinants in which 

corresponding second and third columns are identical. 

 Then 

3333

2222

1111

21

cbda

cbda

cbda

+

+

+

=+  

 This fact is evident if we expand all the three determinants in terms of column 1 and compare the 
results. 

 

333

222

111

3ifSimilarly

cba

cba

rqp

= , 

 then 

333

222

111111

31

cba

cba

rcqbpa +++

=+  

 Here we note that the corresponding second and third rows are identical.  

 Similarly the determinant 

321

321

333222111

ccc

bbb

fedfedfed ++++++

 

 Can be decomposed into the sum of three determinants 

 

321

321

321

321

321

321

321

321

321

ccc

bbb

fff

ccc

bbb

eee

ccc

bbb

ddd

++  

 It may be observed that the determinant 

 

333333

222222

111111

fedcba

fedcba

fedcba

+++

+++

+++

 can be expressed as sum of 2  2  2 = 8 determinants. 

 

 
 
Two determinants of the same order i.e. each consisting of the same number of rows and equal 

number of columns can be multiplied to give a determinant of the same order. Thus if A is a 2  2 

determinant and B is another 2  2 determinant, A  B = C is also 2  2 determinant. The multiplication 
is done by a method of working the row of A on the columns of B. 
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The method is as follows: 

21

21

21

21
;




== B

bb

aa
A  

then AB = 
22211211

22211211

++

++

bbbb

aaaa
 

To cite a numerical example for a 3  3 determinant; we have 

   

421

310

212

203

612

431

−

423023221013120023

463)1(22261)1(12160)1(22

443321241311140321

++++++

+−++−++−+

++++++

=  

 

 (The first row is obtained by working the first row elements 1, 3, 4 respectively on 2, 0, 1 the first 
column; then on 1, 1, 2 the 2nd column; then on 2, 3, 4 the 3rd column. Likewise for the 2nd  and 
the 3rd row.) 

 

1478

251310

27126

=  

Verification 
 

521870)2(

)3(1090

270

431

203

612

431

12

15

=−=−→

−→−−

−−=−=
RR

RR
A  

 369)2(

421

310

630

421

310

212

31 −=+−=−→

−−

== RRB  

 )(

1478

220

942

3

1478

251310

942

1478

251310

27126

312 RRRC +−→===  

   156)4014(6

778

020

542

3 −=−==  

  AB = – 156 = C 
 The multiplication can also be performed row by row, column by row or column by column.  
 

 

 
 

 Differentiation of a determinant whose elements are functions of a variable x. 

 Let 
)()(

)()(
)(

xuxh

xgxf
xF =  

 Then F(x) = f(x)  u(x) − g(x)  h(x) 

and F(x) = 
dx

d
F(x) = {f(x)  u(x) + u(x)  f(x)} − {g(x)  h(x) + h(x) g(x)} 

 = 
)()(

)()(

)()(

)()(

xuxh

xgxf

xuxh

xgxf


+


 

 Thus F(x) is the sum of two determinants, of which the first one is obtained by differentiating the 
elements of the first row alone and retaining the second row without any change and the second one is 
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obtained by differentiating the elements of the second row. 

 Similarly if F(x) = 

)()()(

)()()(

)()()(

333

222

111

xhxgxf

xhxgxf

xhxgxf

 

 then F(x) = 

)()()(

)()()(

)()()(

)()()(

)()()(

)()()(

)()()(

)()()(

)()()(

333

222

111

333

222

111

333

222

111

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf



++



 

 

 
 

6.1 SYMMETRIC DETERMINANT 
 If the elements of a determinant are such that aij = aji, (where aij is the element of ith row and jth 
column), then the determinant is said to be a symmetric determinant. The elements situated at equal 
distances from the diagonal are equal both in magnitude and sign. 
 e.g.            

  2222 chbgaffghabc

cfg

fbh

gha

−−−+=     

6.2 SKEW SYMMETRIC DETERMINANT 

 If aij = −aji (where aij is the element of ith row and jth column), then the determinant is said to be a 
skew symmetric determinant, which means that all the diagonal elements are zero and the elements 
situated at equal distances from the diagonal are equal in magnitude but opposite in sign. The value of 
a skew symmetric determinant of odd order is zero.  
 

6.3 CIRCULANT DETERMINANTS 
 The elements of the rows (or columns) are in cyclic arrangement.  

 })()(){()(
2

1
)3( 222333 accbbacbaabccba

bac

acb

cba

−+−+−++−=−++−=

 
 
 

 

 
 

7.1 THE SYSTEM OF TWO LINEAR EQUATIONS IN TWO UNKNOWNS 
 Consider the system of two linear equations in two unknowns: 
 a1x + b1y = c1 
 a2x + b2y = c2 
 Solving the system we get the answer 

 

22

11

22

11

1221

1221

ba

ba

bc

bc

baba

bcbc
x =

−

−
= ; 

22

11

22

11

1221

1221

ba

ba

ca

ca

baba

caca
y =

−

−
=  

Note: The given equations are consistent and independent if and only if 0
22

11


ba

ba
. 

7.2 SYSTEM OF THREE EQUATIONS IN TWO UNKNOWNS  
 The following system of equations  

  0111 =++ cybxa ;  0222 =++ cybxa ; 0333 =++ cybxa  is consistent  
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  if  0

333

222

111

=

cba

cba

cba

 

 

7.3 THE SYSTEM OF THREE LINEAR EQUATIONS IN THREE UNKNOWNS 

 Consider the system of three linear equations in three unknowns: 
  a1x + b1y + c1z = p 
  a2x + b2y + c2z = q 
  a3x + b3y + c3z = r 
 The solution of the system may be expressed as  

  


=


=


= 321 ,,
d

z
d

y
d

x , where  
 

   = 

333

222

111

cba

cba

cba

,  d1 = 

33

22

11

cbr

cbq

cbp

, d2 =

33

22

11

cra

cqa

cpa

,  d3 =

rba

qba

pba

33

22

11

 

 

 Note: The determinant  is formed by writing the coefficients of x, y, z in order while the 

determinant appearing in the numerator for any unknown is obtained from  by replacing the 
column of coefficients of that unknown by the column of constants. 

 

7.4 CRAMERS RULE 
 Consider the system of n linear equations in n unknowns given by 

   11212111 ........ bxaxaxa nn =+++  

   22222121 ....... bxaxaxa nn =+++  

   …………………………………… 
   …………………………………… 

   nnnnnn bxaxaxa =+++ .......2211  

 Let 

nnnn

n

n

aaa

aaa

aaa

D

....

::

....

....

21

22221

11211

=  

 Let Dj be the determinant obtained from D after replacing the j th column by  

nb

b

.

.

.
1

 

 Then, if D  0, we have   
D

D
x

D

D
x

D

D
x n

n === ,......,, 2
2

1
1 . 

 Discuss D = 0 cases 
 Case (i) 
 If D = 0 and the other determinants D1 = D2 = ……. = Dn = 0, then system of equation has infinitely 

many solutions if all cofactors of  D1, D2,…….,Dn  and D are zero. If any one  cofactor of D1, D2, 
D3 , …….,Dn  is non  zero then system has no solution. 

 eg.   123 =++ zyx ; 5462 =++ zyx ; 9693 =++ zyx  

 Here 0==== DDDD zyx  yet system has no solution where as  

 123 =++ zyx ; 2462 =++ zyx ; 3693 =++ zyx   has infinitely many solutions. 

 Case (ii) 
  If D = 0 but any one of the D1, D2 ……. or Dn is not equal to zero then the system has no solution, 

hence is inconsistent.  
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7.5 THE SYSTEM OF HOMOGENEOUS LINEAR EQUATIONS 
 Eliminant and non-trivial solution: If the three equations (homogeneous) 

 0and0;0 333222111 =++=++=++ zcybxazcybxazcybxa  be considered then there 

always exists a solution i.e.,  x = y = z = 0. This is called the Trivial Solution. 
 If the three equations are to have a solution other than x = 0 = y = z, such a solution is known as 
Non-Trivial solution, then the condition required for the existence of such a solution is 

 0

333

222

111

=

cba

cba

cba

 

 
 Illustration 17 

  
Question:   Let  and  be real. Find the set of all values of  for which the system of linear equations: 

   0)(cos)(sin =++ zyx  

     0)(sin)(cos =++ zyx  

  0)(cos)(sin =−+− zyx  

 has a non-trivial solution. For  = 1 find all the values of .  
Solution: The condition for the existence of non-trivial solution (trivial solution is x = y = z = 0) is 

  

−−





cossin1

sincos1

cossin

 = 0        i.e.,  

−−

−+

−+

cossin1

cossinsincos0

)1(cos)1(sin0

 = 0 

 i.e.,  )sin(coscos)1()cos(sinsin)1( +−−−+  = 0 

  0cossin2cossin)cos(sin 2222 =−−++  

    += 2cos2sin  






 
+=

4
2sin2  

  1
2

1 


−  

  22 −  

 for  = 1,  

 
4

sin
2

1

4
2sin


==







 
+  

  
44

2


=


+  

 General solution: 
4

)1(
4

2


−+=


+ nn  

  
44

)1(2


−


−+= nn  

 If n is even, 2 = n 

 odd, 
2

2


−= n
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DETERMINANT OF ORDER THREE 

 

333231

232221

131211

aaa

aaa

aaa

 =  a11 
3332

2322

aa

aa
− a12  

3331

2321

aa

aa
 + a13 

3231

2221

aa

aa
 

 where aij means element of ith row and jth column.  

 and 
3231

2221

aa

aa
= a21 a32 − a31 a22. 

MINOR 

 Minor of aij is the determinant of elements which is obtained after deleting 
ith row and jth column. 

COFACTOR 

 Cofactor of aij is the product of minor of aij with (−1)i+j  

PROPERTIES OF DETERMINANTS 

• If two rows/columns in a determinant are 
interchanged, the sign of the determinant 
changes 

• If the numbers in one row/column are added, m 
times the number in another row/column, the 
value of the determinant remains unaltered. 

• If rows and columns are interchanged, the value 
of the determinant remains unaltered. 

• If all the numbers in any row/column are zeros, 
the value of the determinant is zero. 

• If two rows/columns are identical, the value of 
the determinant is zero. 

• If the elements of a row/column are multiplied 
by any number m, the determinant is multiplied 
by m. 

SUM OF DETERMINANTS 

• If each of the elements of a row is expressed as the sum 
of two numbers, then the determinant may be written as 
the sum of two determinants. 

 
22

33

22

11

22

3131

ba

ba

ba

ba

ba

bbaa
+=

++
 

PRODUCT OF DETERMINANTS 

• Two determinants can be multiplied together by the 
following rule. 

 
dscqdrcp

bsaqbrap

sr

qp

dc

ba

++

++
=  

DIFFERENTIATION OF DETERMINANTS 

• F(x) = 

)()()(

)()()(

)()()(

333

222

111

xhxgxf

xhxgxf

xhxgxf

 then F(x) = 

)()()(

)()()(

)()()(

)()()(

)()()(

)()()(

)()()(

)()()(

)()()(

333

222

111

333

222

111

333

222

111

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf

xhxgxf



++



 

 

SYSTEM OF LINEAR EQUATIONS (CRAMERS 
RULE) 

• Consider the system of n linear equations in n 
unknowns given by 

 11212111 ........ bxaxaxa nn =+++  

 22222121 ....... bxaxaxa nn =+++  

  …………………………………… 

 nnnnnn bxaxaxa =+++ .......2211  

 Let 

nnnn

n

n

aaa

aaa

aaa

D

21

.

.
222

.

.
21

11211

=  

 Let Dj be the determinant obtained from D after 
replacing the j th column by constants. 

 Then, if D  0, we have     

 
D

D
x

D

D
x

D

D
x n

n === ,......,, 2
2

1
1 . 

SYSTEM OF HOMOGENEOUS LINEAR 
EQUATION 

• If the constant b1 , b2 …….. bn are zero then the 
system  of equations have a trivial solution x1 = x2 
= …. xn = 0. 

• It has a non trivial solution also if D is zero. 

SPECIAL DETERMINANTS  

• Symmetric determinants: The elements situated at 
equal distances from the diagonal are equal both in 
magnitude and sign, i.e. aij = aji 

  e.g. 2222 chbgaffghabc

cfg

fbh

gha

−−−+=  

• Skew Symmetric determinants: The diagonal 
elements are zero and the elements situated at equal 
distances from the diagonal are equal in magnitude but 
opposite in sign. The value of a skew symmetric 
determinant of odd order is zero. 

• Circulant determinants: The elements of the rows (or 
columns) are in cyclic arrangement. 


