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If f(x) is a differentiable function such that f '(x) = g(x), then integration of g(x) w.r.t. x is
f(x) + c. Symbolically it is written as j g(x)dx =f(x)+¢
here ¢ is known as constant of integration and it can take any real value. For example

INTEGRALS

di(tanx):seczx,so, Iseczx dx =tanx +c¢
X

Based upon the about method and the previous knowledge of differentiation of standard functions,

here is the list of integration of standard functions.

Functions f(x) Integration If(x)dx
(Integrand)
constant k kx + ¢
n+1
X" +c (n=-1)
n+1
1/x  (x=0) In|x| +c
a (a>0) alna+c
e* e*+c
sinx —COSX +C
COSX sinx + ¢
sec?x tanx + ¢
cosec?x —Ccotx + ¢
secx tanx secx + ¢
COSEecx cotx —cosecx + ¢
1 -
> sin"Ix + ¢
V1-x
1/(1+x2) tan'x + ¢
1
T sec'x+c
[ X |vx -1

Theorem1.
(;j—x{[f(x)dx}=f(x)

Proof: Let j f(x) dx = F(x) ..(i)
Then, i{F(x)}zf(x)

dx
;_X{[f(x) dx = £(x)

Theorem 2.
Two integrals of the same function can differ only by a constant.

Proof:
Let fi(x) and fx(x) be two integrals of g(x). Then by definiton fi'(x) = g(x) and
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f2'(x) = g(x) for all possible values of real x.

= fi'(x) =f’(X) VxeR

Let h(x) = fi(x) — f2(x)

= h'(x)=0 VxeR

Now consider the interval [a, b] (a < b), then by Lagrange’s Mean value’s theorem, there exists
some ¢ € (a, b) such that

h'(c) = h(b) —h(a)
b-a

Sinceh’'(x) =0V xe Rsoh'(c)=0

= h(b) = h(a)

= h(x) is a constant function

Let h(x)=c

= fi(x) —fa(x) = ¢

Hence two integrals of the same function can differ only by a constant.
Theorem 3.

0 j (af (x) + bg (x))dx

= aJ‘f(x)dx + bjg(x)dx
where a and b are constants
(ii) jf(x)dx —g(x)+¢

then jf(ax+b) dx =§g(ax+b)+c

where a and b are constants and a = 0

When the integrand consists of trigonometric functions, we use known identities to convert it into
a form which can easily be integrated. Some of the identities useful for this purpose are given below:

(i) Zsinz(gj = (1-cosx)

(ii) ZCOSZ(gj = (L+cosx)

(i) 2sinacosb = sin(a+ b)+ sina—b)
(iv)  2cosasinb =sin(a+b)—sinfa-b)
(v)  2cosacosb = cos(a +b)+ cos(a-b)
(vij  2sinasinb = cos(a —b)-cos(a + b)

It is not always possible to find the integral of a complicated function only by observation, so we
need some methods of integration and integration by substitution is one of them.
This methods has 3 parts:

0] Direct substitution

(i) Standard substitution

(iii) Indirect substitution
4.1 DIRECT SUBSTITUTION
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If jf(x) dx =g (x)+c thenin|= jf(h(x)) h'(x) dx ,
we put h(x) =t = h'(x) dx = dt
so 1= jf(t)dt =g(t)+c =g(h(x))+c

4.2 STANDARD SUBSTITUTION
In some standard integrand or a part of it, we have standard substitution. List of standard
substitution is as follows:
Integrand Substitution

x2+a%2 or +Vx?+a? X = atan®
x2—a? or +x?-a? X = asecH

a?—x? or +a?-x2 X = asin® or x = acosd
Ja+x and Ja-x X = acos20
(x £Vx?+a?)" expression inside the bracket = t
2x 2x  a?-x? .
5 R R > X = atan0
a?-x?"a?+x%?"'a’+x
2x2 -1 X = c0sH
1 X+a

t

T 1(neN,n>1)

1= 1= X+b
(x+a) "(x+b) "

4.3 INDIRECT SUBSTITUTION
If integrand f(x) can be rewritten as product of two functions. f(x) = fi(x) f2(X), where f2(x) is a
function of integral of fi(x), then put integral of fi(x) = t.

If integrand can be expressed as product of two functions, then we use the following formula.
[R00 1,00 dx =00 [F0x)0e — [ (' () [F,(x) dx))x

where fi1(x) and f2(x) are known as first and second function respectively.
Remarks:
0] We do not put constant of integration in 1% integral, we put this only once in the end.
(i) Order of fi(x) and fx(x) is normally decided by the rule ILATE, where | — inverse,

L — Logarithms, A — Algebric, T — trigonometric and E — exponential.

51 SPECIAL USE OF INTEGRATION BY PARTS
(i) jf(x) dx :j(f(x)).ldx
Now integrate taking f(x) as 1 function and 1 as 2" function. In most of the cases, f(x) is an

inverse or logarithmic function.
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(i) [T gy [ 10D G0 g,
[9 (x)] g'(x) [g(x)]
Now integrate taking & as 1° function and ) as 2" function.
g9'(x) [9 (1"
(iii) If integrand is of the form e* f(x), then rewrite f(x) as sum of two functions in which one is derivative

of other.
jeXf(x) dx = Iex(g(x)+g'(x))dx

=e*gx)+c

f(x)

When integrand is a rational function i.e. of the form m , where f(x) and g(x) are the polynomials

1

functions of x, we use the method of partial fraction. For example we can rewrite as
Bx-1 (3x+2)

11
3(3x-1) 3(3x+2)

If the degree of f(x) is less then degree of g(x) and g(x) = (x —a,)™ ...... (X% +bx+c) ...

then we can put

o) A + A T Ay
B,x+C; N B,x+C, . By X +Cy,
(x2+bx+cy) (x2+bx+c)? (X2 +bx+c)h
Here Ay, Ao....... ; Aal ........ , B1,Ba....... , BBl ...... Cy, Co....... C131 ........ are the real constants

and these can be calculated by reducing both sides of the above equation as identity in polynomial form
and then by comparing the coefficients of like powers. The constants can also be obtained by putting
some suitable numerical values of x in both sides of the identity.

If degree of f(x) is more than or equal to degree of g(x), then divide f(x) by g(x) so that the

remainder has degree less than of g(x).

Using the technique of standard substitution and integration by parts, we can derive the following
formulae.

dx 1, ,4X
Sy =_tan—+c
X“+a° a a




& T SmartNotes _

COACHING
dx 1 X —a
5 2=—In +C
X —a 2a X+a
dx 1 a+ X
I 5 = | +cC
ac —x 2a a-—-X
1 X
=sin*Z+c¢

I

dx
— In‘x+\/x2+a2 +cC
Y JIx? +a?
¥ dx
—zln‘x+ x? —a?|+c
J [x2 _a2
2
X a
\/x +a? dx_E\/ 2+?In‘x+ x? +a?|+c
. X aZ
\/xz—azdx_E x? —a? ——In‘x+ x?—a®|+c
2
N a? . X
\/a -X dx—E\/ —x2+?sm 12 4c
e

7.1 INTEGRAL OF THE FORM

Iax “+bx +c I\/ax 2 +bx +c
bjz 4ac —b?
+—

Here in each case write ax? + bx + ¢ = a (x+2—
a

I\/axz +bx +¢ dx

put x+£:t and use the
4a 2a

standard formulae.

7.2 INTEGRALS OF THE FORM
_[ (ax +b) dx (ax +b) dx

Vex? +ex +f cx % +ex +f

Here write ax + b= A(2cx + e) + B
Find A and B by comparing, the coefficients of x and constant term.

,I(ax +b) cx? +ex +f dx

7.3 INTEGRALS OF THE FORM
J‘(axz +bx +c)dx j‘(axz +bx +c¢) dx

\/(exz +fX +9)

Here put ax? + bx + ¢ = A (ex? + fx + g) + B(2ex + f) + ¢

(9X2+fx +9) ,I(aX2+bx+C) \/(eX2 +fx +g) dx

find the values of A, B and C by comparing the coefficient of x?, x and constant term.

Here, put cx +d =t2
7.5 INTEGRALS OF THE FORM

dx
I(ax +b)Jex? +fx +g

1
t

Here putax + b =
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7.6 INTEGRALS OF THE FORM
J' (ax +b) dx

(cx +e)Jex? +fx +g

Here put (ax +b)=A(cx+e)+ B
Find the values of A and B by comparing the coefficients of x and constant term.

7.7 INTEGRALS OF THE FORM
J‘ (ax? +bx +c)dx

(ex +f)\/gx* +hx +i

Here put ax? + bx + c = A(ex + f) (2gx + h) + B(ex + f) + C

Find the values of A , B and C by comparing the coefficients of x2, x and constant term.

7.8 INTEGRALS OF THE FORM

J‘ X dx
(ax?+b)/(cx*+e)

Here putcx? +e =t2

7.9 INTEGRALS OF THE FORM

dx
I(axz +b)/(cx? +e)

1 N e
Here 1 put x = t and then take the expression inside the square root as y?

7.10 INTEGRALS OF THE TYPE
J' XM (a + bx"P dx (p # 0).

Here we have the following cases.

Case |: If p is a natural number, then expand (a + bx")? by binomial theorem and integrate.
Case II: If pis a negative integer and m and n are rational number, then put x = t, when k is the
LCM of denominators of m and n.

m+1 . . . . .
case IlIl: If M2 s an integer and p is rational number, put (a + bx") = t*, when k is the
n
denominator of p.
n
Case IV:If m+1+p is an integer, put a+t:x =
X

where k is the denominator of p.

8.1 INTEGRALS OF THE FORM

I(f(si_nx,cosx))dx :I R(sinx, cosx) dx
g (sinx,cosx)

where f and g both are polynomials in sinx and cosx. Here we can convert them in algebraic by
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« 2tan > 1-tan? X
putting tanE =t after writing sinx —— 2 andcosx= )2( :
1+tan? X 1+tan? =
2 2

Now, put tang =t and sec? %dx =2dt .

The new integrand can now be easily integrated.
Some time instead of putting the above substitution we go for below procedure.

() If R (=sinx, cosx) = —R (sinx, cosx), put cosx =t

(i) If R (sinx, —cosx) = —R (sinx, cosx), put sinx =t

(i) If R (=sinx, —cosx) = R (sinx, cosx) put tanx = t, after dividing humerator and denominator by
cos?x.

8.2 INTEGRALS OF THE FORM
I(psinx +0CcoSX +r)dx
asinx +bcosx +c

Here put psinx + gqcosx + r = A(a sinx + bcosx + ¢) + B(acosx — bsinx) + C
Values of A, B and C can be obtained by comparing the coefficients of sinx, cosx and constant
term by this technique. The given integral becomes sum of 3 integrals in which 1% two are very

easy and in 3" we can put tan% =l -
8.3INTEGRALS OF THE FORM
J‘sinp xcos? x dx

When any one or both of p and q are odd integers, then put cos x =t or sin x =t and when p and
g are rational number such that %_2 iS a negative integer, then put tanx =t or cotx = t.

Sometimes the integrand is a function of x as well as of n(n € N), then we use this method.
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MIND MAP

Substitution

. Integration as anti derivative
@) If jf(x) dx =g(x) +c , then

If f'(xX) = g(x), then
jf(h(x))h'(x) dx =g (h(x))+c [ae)dx =f(x)+c

(i) in Vx? +a? put x = a tanf
in Vx? -a? put x = a sec

Partial function

in va? —x? put x = a sinf £(x) A A, A,

in Ya+x,vJa—-x putx=acosf (x-a)" :(x—a)+(x—a)2 T +(x—a)”

in (x+vx2+a?)"put x+vVx2+a? =t 9(x) AxX+B Ax+B
; i i = ot o
(iii) If f1(x) is a function of integral of f2(x) then (xCrax+b)" (x°+ax+b) O +ax+b)"

in _[fl(x) f,(x) dx put integral of f2(x

INDEFINITE
INTEGRATION

Algebraic integrals

@) in vax? +bx +c By partial fraction

make the perfect square
iy in [ EX+D)Ox [ 1002 (x) dx

cx? +ex +f '

write ax ++b ::\ (2cx +e) + B - fl(X)IfZ(X) dx _I fl(x)jfz 0 ax jax
. (aX2 + bx + ¢) dx and order of fi(x) and f,(x) are normally decided by
(i) in [ = ILATE.

\[exz +fx+g

write ax?2 + bx + ¢

= 2
A.(ex Hher ?:1))(+ B2ex+1)+C Trigonometric integration
(iv)in - .
J (ax +b) /7(@(2 Tex+f) @) in R (sinx, cosx)
Putax + b = 1/t If R (sinx, —cosx) = —R (sinx, cosx)
- (ax + b) dx Put sinx =t
(v) in
J(cx +e)fix? +gx +h If R (—sinx, cosx) = —R (sinx, cosx)
Putax +b=A(cx +e) + B Put cosx =t
~ 2
(vi)in X = ) G If R (—sinx, —cosx) = R (sinx, cosx)
’ (ex+f)\/gx2+hx+i Put tanx = t
Put ax? + bx + ¢ )
= A (gx2 + hx + i) + B(2gx+ h) (ex +f) + C (ii) in (asm_x +bcosx +c) dx
X dx esinx +fcosx+g
(vii) in J
(ax? +b) (cx? +e) Put asinx + bcosx + ¢
Putcx?2+e =12 = A (esinx + fcosx + @)
(viii) in I dx ; J- ex + B(ecosx — fsinx) + C
(ax2+b'\/cx+d (ax+b cx +d

Putcx +d =t2
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