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Limits & Derivatives

The concept of limit is used to discuss the behaviour of a function close to a certain point.

x? -1
e.g., f(x) =
g (0="—
Clearly the function is not defined at x = 1, but for values close to x = 1 the function can be written
as
fx)=x+1
As x approaches 1 (written as x — 1), f(x) approaches the value 2 (i.e., f(x) — 2) we write this as
Iirq f(x)=2

It must be noted that it is not necessary for the function to be undefined at the point where limit is
calculated. In the above example Iirr;f(x) is the same as the value of function at
X—>

x=2i.e.,3.
Informally, we define limit as:

Let f(x) be defined on an open interval about xo, except possibly at X, itself. If f(X) gets arbitrarily
close to L for all x sufficiently close to Xo, we say that f approaches the limit L as x approaches xo, and
we write

lim f(x)=L

X—>Xp
Sometimes, functions approach different values as x-approaches xo from left and right. By left we
mean X < Xo and right means x > Xo. This is written as x — X, and x — X, respectively.

e.g., f(x) =[x] (greatest integer function)
For any integer n,

lim f(x)=n-1 ()
and lim f(x)=n .. (i)

In such cases we say that lim f(x) does not exist. The limit in (i) is said to be the left hand limit
(L.H.L.) at x = n and that in (ii) is called the right hand limit (R.H.L.) at x = n.

1.1  TANGENT LINE AND SLOPE PREDICTOR
In elementary geometry the line tangent to a circle at a point P is defined as the straight line
through P that is perpendicular to the radius OP to the point P.
=]

A general graph y =f(x) has no radius for as to use, but the line tangent to the graph at the

point P should be the straight line through P that has in some sense the same direction at P as the curve
itself. Because a line’s “direction” is determined by its slope.
Let us take an example:

(@) Determine the slope of the line L tangent to the parabola y = x? at the point (a, az).
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K

Q{(b, b?)
L

 (a a)

We can’timmediately calculate the slope L, because we know the co-ordinate of only one point
(a, az) of L. Hence we begin with another line whose slope we can compute.

In figure secant line K that passes through the point P and a very close point Q(b, b2) of the
parabola y = x2. Let us write h=Ax =b —a for the difference of x-co-ordinate of P and Q. (the notation
AXx is an increment, or change in the value of x). The co-ordinates of Q is given by

b=a+h and b? =(a +h)?
Hence the difference in y-co-ordinates of P and Q is
Ay =b? —a? =(a+h)’ —a?
Because P and Q are two different points, we can use the definition of slope to calculate the slope mpq

of the secant line K through P and Q. If you change the value of h = Ax, then also change the line K and
thereby change its slope. Therefore m,, depends on h.

Ay
me :E
_(@a+h)*-a® (2ah+h®)_ h(2a+h)
@+h)-a h h

because h is non-zero we can cancel it out and it becomes = (2a + h)

Now, if Q moves along the curve closer and closer to the point P. The line K still passes through P and
Q. It is very close to P then h approaches zero, the secant line K comes closer to coinciding with the
tangent line L.

Out idea is to define the tangent line L as the limiting position of the secant line K.

h: approaches zero

Q: approaches P, and so

K: approaches L, mean while
the slope of K approaches the slope of L.

As the number h approaches zero, what values does the slope my, =2a+h approaches we

can state this question of the “limiting value” of 2a + h by writing
lim (2a+h)

Here “lim” is an abbreviation for the word “limit” and h — 0 is an abbreviation for the phrase
“h approaches zero”, then we can give the answer that what is the limit of 2a + h as h approaches zero.

For any specific value of a we can investigate this question numerically by calculating values
of 2a+h with values of h that become closer and closer to zero, such as the values
h = -0.1, h = -0.01, h = -0.001, h = -0.0001, ...... , or the values h = 0.5, h = 0.1, h = 0.05,
h=0.01, ...... For instance, the tables of values (in figure) indicate that with a = 2 and a = -4, we should
conclude that

m(uh):z and |im (-4+h)=-4

More generally, it seems clear from the table in figure that
limm,g, =Lirrg(2a+h)=2a ..(i)
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h 2+h
h 2a+h
0.1 2.1
0.01 2.01 0.01 2a + 0.01
0.001 | 2.001 0.001 2a + 0.001
0.0001| 2.0001 ! !
J d J \
0 2 0 2a

As h — 0 (first column), 2 + | As h — 0 (first column), -4 + h | As h — 0 (first column), 2a + h
h approaches 2 (second | approaches -4 (second column) approaches 2a (second column)
column)

This, finally, answers our original question: The slope m = m;, of the line tangent to the

parabola y = x? at the point (a, az) is given by
m = 2a ... (i)
The formula in equation (ii) is a “slope predictor” for (lines tangent to) the parabola y = x?.
Once we know the slope of the line tangent to the curve at a given point of the curve, we can then use
the point-slope formula to write an equation of this tangent line.
We define the slope m of the line tangent to the graph y = f(x) at the point P(a, f(a)) to be
_imf@+ hh)—f(a)

h—0

m

If (a+h)isx (h=x-a). We set that x approaches a as h approaches 0.

So, m= Iim(wj

X—a X—a
2.1 CONSTANT LAW
If f(x)=C, where C is a constant [so f(x) is a constant function], then
limf(x)=limC=C ..(i)
X—a X—a
2.2. SUM LAW

If both of the limits
limf(x)=_L and limg(x)=M
X—a

X—a

exist, then
limff (x) + g(x)]=|_1|_rgf(x)Ji umg(x)J=|_J_rM -..(ii)
(The limit of a sum is the sum of the limits, the limit of a difference is the difference of the
limits).
2.3 PRODUCT LAW

If both of the limits
limf(x)=L and limg(x) =M
X—a

X—a

exist, then
)I(l_rg[f(x)g(x)] = umf(x)Jul_rgg(x)Jz LM -...(iii)
(The limit of a product is the product of the limits).
2.4 QUOTIENT LAW
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If both of the limits
limf(x)=L and limg(x)=M

X—a X—a
exist and if M = 0, then
limf(x)

im £ _ 0 L (V)
x>ag(x) limg(x) M

X—a

(The limit of a quotient is the quotient of the limits, provided that the limit of the denominator

is not zero.)

25 ROOT LAW

If n is a positive integer and if a > 0 for even values of n, then

lim¥/x =Ya (V)

X—a

The case n = 1 of the root law is obvious
imx =a

X—a
Examples (ii) and (iii) show how the limit laws can be used to evaluate limits of polynomials
and rational functions.

Example 1:
lim (x2 +2X + 4)= Qim x2)+ Qim 2x)+ Qim 4)
x—3 -3 -3 —3
= Qim x)2 + 2Qim x)+ Qim 4): 3°+23+4=19
-3 -3 -3
Example 2:
 oya4s5 lim(2x +5)
|Im — X—3
x>3x% 42X + 4 Iim(x2 +2X + 4)
X—3
23+5 11
32+23+4 19
Note: In examples 1 and 2, we systematically applied the limit laws until we could simply substitute
3 for Iim3 x at the final step. To determine the limit of a quotient of polynomials, we must verify
X—>

before this final step that the limit of the denominator is not zero. If the denominator limit is
zero, then the limit may falil to exist.

2.6 SOME IMPORTANT FORMULAE
0 lim3MX_q Gy imB0X _q
x—>0 X x—=>0 X
. . sintx . __tan'x
(i)  lim =1 (iv) lim — il
x—0 X x—>0 X
X _ X _
v tim& 1.1 wi)  Im2=1_ina
x>0 X x->0 X
.. . Xn —an n-1 . 1/x
(vii) lim =na (viiy  lim@+x)"* =e
x—>a X —a x—0
X
(x) lim (1+ 1) e 00 timM@x)
X—> 0 X x—0 X
|| Ilustration 1 I
Question: Investigate !!le
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Solution: Because Iiml(x - 1)2 =0, we cannot apply the quotient y
X—>
law.
Moreover, we can make ;2 arbitrarily large be I

(x-1)
choosing x sufficiently close to 1. -

Hence

can not approach any (finite) number L
1) pp y (finite) /

as x approaches 1. Xx=1

Therefore, the limit in this example does not exist. You can see the geometric reason if

1
(x~1)?
As x —1, the corresponding point (X, y) ascends the curve near the vertical line
x = 1. It must therefore leave the indicated strip between the two horizontal lines x =L- <
and x = L+ e that bracket the proposed limit L. Thus, the point (X, y) cannot approach the
point (1, L) as x — 1.

Illustration 2

you examine the graph of y = in figure.

- X2 -4
Question: Investigate lim —————.
X>2X“+ X —6
Solution: We cannot immediately apply the quotient law because the denominator approaches zero as x

approaches 2.

If the numerator were approaching some number other than zero as x — 2, then the limit would
fail to exist (as in lllustration 1). But here the numerator does approach zero, so there is a possibility
that a factor of the numerator can be canceled with the same factor of the denominator, thus
removing the zero-denominator problem. Indeed,

. - (x-2)(x+2) _ . x+2 4
lim = lim = [im -
X—>2X2+X_6 X—>2(X—2)(X+3) x=>2 X+3 5

We can cancel the factor x — 2 because it is nonzero: x =2 when we evaluate the limit as x

approaches 2. Moreover, this verifies the numerical limit of 0.8 that we found in given limit.

The following facts about functions in general come in handy in calculating limits of some
trigonometric functions.

Theorem 1

Let f and g be two real valued functions with the same domain such that f(x)< g(x) for all x in
the domain of definition.

For some a, if both limf(x) and )I(l_rgg(x) exist, then limf(x) < limg(x).

X—a X—a X—a

This is illustrated in figure:
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y =9(x)

Theorem 2 (Sandwich Theorem)
Let f, g and h be real functions such that f(x)< g(x) < h(x) for all x in the common domain of

definition. For some real member a, if limf(x)=1= lim h( ) then limg(x) = 1.
X—a

This is illustrated in figure:

O

Given below is a geometric proof of the following important inequality relating trigonometric

functions.
cosx <X 1 foro<|x|<Z (i)
X 2

Proof: B

We know that sin(-x)=-sinx and cos(-x) = cosx.

C

Hence, it is sufficient to prove the inequality for 0 < x < g In the
figure is the centre of the unit circle such that the angle AOC is x
radians and O0<Xx< g Lines segments BA and CD are o 5) A

perpendiculars to OA. Further, join AC. Then
Area of AOAC < Area of sector OAC < Area of AOAB

ie. Loa.cD < X x(OA? < toA.AB
2 2n 2

ie. CD < x.OA<AB

From AOCD

sinx = g—i (since OC = OA) and hence CD = OA sin X

Also, tanx =B and AB=OA.tanx
OA

Thus, OAsinx <OA.x <OA.tanx
Since length OA is positive, we have sinx < X <tanx

Since 0<x < g sinx is positive and thus by dividing throughout by sin x, we have
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X 1
1< — <
sinXx cosX
. . sinx ,
Taking reciprocals throughout, we have cosx < <1, which complete the proof.
. . sinx .. . sinx
Now, lim cosx < lim <liml = lim——=1
Xx—0 Xx—0 X x—0 x—0 X

I[ nlustration 3 |

Question: Evaluate lim .
x>2 X +4

x-3 2-3 1

Solution: [im = =
x=>2X+4 2+4 6

[ nlustration 4 |

5
Question: Evaluate lim X 32.
X—2 X3—8

5 Y 3 5 .5 353
Solution:  lim X~ 32 Iim(x 32}()‘ 8] = Iim(x < ]+ fim (X 2 ]:5(2)%3(2)2:@
3 x—2| 2 3

X2 x° _8§8 X—2 X—2 x=2| X — x=2| X -2
n n
{As im 22 _ na”l}
x>a X -—a
Ilustration 5
Question: Evaluate lim YD K 2 IIE
x—0 X
Solution: Iim0 M+ x = V- , we rationalize i.e. multiply and divide by (\/1+ X +/1- x)
X—> X
_ @+x)-@Q-x) . 2x
= lim
x50 X[v1+ X + 1= x] X20 X[1+ X + v1—X]
. 2 2 2 2
= lim = = =— =\
x50 J1+X +41-X ~1+0+41-0 1+1 2

|| Illustration 6 I

n_ on
Question: If lim X =80 and nel*, find n.
X—=2 X —
) Xn_ n
Solution:  lim =80 = n.2"'=5.2* = n=5
x—2 X -2

|| Illustration 7 I

Question: Evaluate lim
x—=0 X

cosax —cosbx
2

_ax+bx . bx-ax

cosax —cosbx 2sin 2 -Sin 2

Solution: lim = lim
x—0 X2 x—0 X2
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_(a+b)x _(b-a)x
_"mzsm 2 a+b 3" ><(b—a)_2 a+b_b-a b?-a?
~ x50 (a+b)x 2 " (b-a)x 2 2 2 2
2 2

|| Illustration 8 I

. . sinx —cos X
Question: Evaluate lim ——————.

X—)E n
4 X T4
. . sinX —cos X
Solution: lim ———————
X—)E X_E
4 4

Putx—£=t, as x—>£,t—>0
4 4

. T T
5'”( + tj - COS( 4 tj sin~ cost + cos%sint = cos%cost + sin%sint

lim =1lim
t—0 t t—0 t

icost+isint —icost +isint

V2 V2 V2 V2

= lim
t—-0 t
_ 2 . sint
= —I|m—=\/§><1=~/§
\/Etﬁo t

We know that the tangent line to the
curve y =f(x) at the point (&, f(a)) has slope

m=m(a)= ”m—f(a+ h)-f(a)
h—0 h
Provided that this limit exists. From this,
we get a new function f’ the derivative of the
original function f.
The derivative of the function f is the
function f' define by y = f(x)
L _ f(x+h)—f(x)
(x) =lim y =~ w

h—0

Q (%, f(x))

f(x) = f(a) = f(a+h) - f(a)

for all x for which this limit exist.
In the figure f'(a) = me

= lim f(X)_f(a)
x>a X -—a
Note: Suppose f is a real valued function, the function defined by

im f(x +h)—f(x)
h—0 h
wherever the limit exists is defined to be the derivative of f at x and is denoted by '(x). This definition of

derivative is also called the first principle of derivative.
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Thus f(x):ﬁEBEQSi%%ZLQQ

Clearly the domain of definition of f'(x) is wherever the above limit exists. There are different notations
for derivative of a function. Sometimes f(x) is denoted by ;—X[f(x)] or if y =f(x), it is denoted by g—i
This is referred to as derivative of f(x) or y with respect to x. It is also denoted by D[f(x)]. Further,

derivative of f at x = a is also denoted by dif(x)
X

Illustration 9

Question: Find the derivative of f(x)=

df [df}
or —| oreven|—| .
dx |, dX Jy_a

a
14
X

Solution:  We have f'(x): r!im M

-0 h

1 _——
— im (x + h)
h—0 h

h—>0h|: x(x +h)
1

lim

h—>0h|: x+h}

=0 x(x h) x2

Illustration 10

Question: Differentiatee&, with respect to x, from first principle.
Solution:  Let f(x)=e"*
oV _gix
f'(x) = lim =——=— his small increment in x
h—0 h
&[ Vxrh=/x _q
= lim
h—0

_ Jx em‘r 1 Vvx+h \/_
=lim e

h—0 “Ix+h=Jx h
o dlff X0

-0 h[yx + h +/X]

‘F im L e&
-0 /x +h +J_ 2Jx

e

P N
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Function Derivative
¢ (constant) 0
sinx COSX
COS X —sinx
tanx sec?x
cosecx —COSecx cotx
cotx —cosec?x
secx secx tanx
. 1
sin~x >
1-X
-1
cos™x >
1-x
{ 1
tan—*x >
1+ X
. -1
cot*x >
1+ X
1
sec'x —
| x| vVx? -1
-1
cosec x >
| x| Vx° -1
logex 1/x
I 1
00aX
Ga xlog, a
X" nx"1
a a* logea
e* e*

The above written derivatives can be easily found by using the definition of differentiation.

Let u and v are differentiable functions of ‘x’.
(i) Thesumrule

d du dv

— U+Vv)=—+—

dx dx dx

X
e.g. i(2ex+3logx)=2Ole +3d(logx) = 2ex+§

dx dx dx X
|| Ilustration 11 I
Question: Differentiate 5sinx—2log.xX .
Solution: ;—X(Ssinx ~2log, x) = ;—X(Ssin x)—(;j—x(ZIoge x) = 5cosx—§

(i) Product rule
d(uv) dv
———~L=u—+vV
dx dx

A
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e.q. d((sinx)e”) _sinx de Ler d (sinx) _

dx dx dx
Illustration 12

(sinx) e* + (cosx) e*.

Question: Differentiate x2e* sinx .

Solution: First we differentiate x2e*
i( Zex): x2 i(ex)+ eX i(xz): x2e* + 2xe*
dx dx dx

Now, i(xzeX sin x): x%e* i(sin X)+ sinxi(xzex)
dx dx dx

x2e* cos X + sin x(x2 +2x)ex

e"(x2 cosx + x? sinx+2xsinx)= xe* (x cosx + x sinx + 2sin x)

(iii) The quotient rule
Here v(x) # 0

vdu udv
d (u)_ dx dx
dx \v v?
X SUGVPY, —(tanx) o
e.g d (tanx) _ dx dx
T dx U ox x2
_ xsec?x—tanx
X2
Ilustration 13
X
Question: Differentiate ——.
1+ sin x
: d d :
X (+ smx)—(ex)—ex —(1+sinx)
Solution: & € = dx dx
dx | 1+ sinx 1+ sinx)z
_ (1+sinx)e* —e* cosx _ e*(1+sinx —cosx)
(1+sinx)? (1+sinx)*

(iv) Chain rule

The chain rule is probably the most widely used differentiation rule in mathematics. Chain rule
says that the derivative of the composite of two differentiable functions is the product of their derivatives
evaluated at appropriate points.

The formula is [f(g(x)]]' = f'(g(x)).g(x)

|| Illustration 14 I

Question: Differentiate sinx?.
Solution: Put y =x? and z =siny

Then dy =2x and gz =COoSsYy
dx dy

d(. ,) dz dz dy _ 2 2
—sinx“)=—=—.—==(cosy) (2x)= cosx“ |12x )= 2x cos x
This solution can be rewritten using a more convenient notation in the following manner:

i(sinx2)= d(Sian).d(Xz)zcosxz.Zx = 2XCcosx?
dx d(x?) = dx
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|| Illustration 15 I

Question: Differentiate sin®x.sin 3x w.r.t. x.

Solution: i(sin3 x.sin3x)= sin® x.i(sin3x)+ sin3x.i(sin x)?
dx dx dx

= sin® x.cos3x.3 + sin3x.3(sin x)*.cos x

3sin? x[sin x cos 3x + €os X.sin 3x]

= 3sin? x.sin(x + 3x) = 3sin? x sin 4x

I llustration 16 |

Question: Differentiate sm( ) Wlth respect to x.

1+
Solution: Let y =sin[ J
1+x2

dy 2x
—— = CO0S|
dx 1+x2

d_y=2(1+3x2)co{ 2X j+ X__ i
dx (1+x2)2

Illustration 17

3 Ea v
Question: Differentiate X 55+ X with respect to x.
(7-3x)°3/8+5x
3
Solution: Lety = NG , take log on both sides

(7-3x)°¥/8 + 5x
logy = 3logx + %Iog(S + x)-5log(7 - 3x) - % log(8 + 5x)

Differentiate w.r.t. x

L0 et S TN 1 (—3)—1. Y

y dx X 2 5+x 7 —-3X% 3 8+5x
- d—y—y§+ 1 I 15 5

dx x 2(5+x) 7-3x 3(8+5x)

dy x>4/5 + X 2 W 15 ]
5 3/g 2(5

oW Tx) 7-3x  3(B+5%)

dx (7-3x)° ¥/8+5x
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