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Mathematical Induction

The word induction means the method of reasoning about a general statement from the
conclusion of particular cases. Inductions starts with observations. It may be true but then it must be so
proved by the process of reasoning. Else it may be false but then it must be shown by finding a counter
example where the conjecture fails.

In mathematics there are some results or statements that are formulated in terms of n, where
neN . To prove such statements we use a well suited method, based on the specific technique, which
in known as principle of mathematical induction.

A statement which is either true or false is called a proposition or statement.
P(n) denotes a proposition whose truth value depends on natural variable ‘n’.

For example 17 +2% +3% +...n% = n(n+1@2n+1)

iS a proposition whose truth value
depends on natural number n.

We write P(n):1% +2% +3% +....n> = — 2= "7

6
where P(4) means 1% + 2% + 3% + 4% = 44+ +1g (8+1)
To prove the truth of proposition P(n) depending on natural variable n, we use mathematical

induction.

The statement P(n) is true for all neN if

() P(1)is true.

(i) P(m)istrue = P(m+1) is true.

The above statement can be generalized as P(n) is true for all neN and n>k if
(i) P(k) is true.

(i) P(m)istrue (m>k) = P(m+1) is true.

WORKING RULE

To prove any statement P(n) to be true for all n>k with the help of first principle of mathematical
induction we follow the following procedure:

Step (i) Check if the statement is true or false for n = k.

Step (i)  Assume the statement is true for n = m.

Step (iii) Prove the statement is true for n=m +1.
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|| Illustration 1 I
Question: Prove by the principle of mathematical induction that forall n eN:
1 1 1 1 n
— =t — =
12 23 3.4 nhn+1) n+1
Solution: Let P(n) be the statement given by
P(n):i+i+i+ ...... + 1 _n
1.2 23 34 nh+1) n+1
Step I: We have, P(1) : 1L
12 1+1
Since, 111
12 1+1 2
So, P(1) is true.
Step II: Let P(m) be true, then .. RN i)
1.2 23 34 mm+1) m+1

We shall now show that P(m+1) is true. If P(m) is true.
For this we have to show that

R 4 L . L )Ml
1.2 23 34 mm+1) (Mm+1)(m+1+1) (m+1)+1
1 1 1 1 1
Now, —+—+—+...... +
12 23 34 mm+1) (m+1) (m+1+1)
—{i+i+i+ ...... 1 }+ 1
1.2 23 34 mm+2)| (m+1) (m+1+1)
m 1 w
=l e (mr)e) [using (0]
1 (m.o1 ] 1 (m2rom+l) (me1f | mol
_(m+1){T m+2}_(m+1) (m+2) ~ (M+)(m+2) m+2

" P(m+1) is true.
Thus, P(m) istrue = P(m+1) is true.
Hence, by the principle of mathematical induction, the given statement is true for all ne N .

I[ lustration 2 |

Question: For every positive integer n, prove that 7" —3" is divisible by 4.

Solution: We have P(n): 7" —3" is divisible by 4
We note that P(1): 7~ 3" = 4, which is divisible by 4. Thus P(n) is true for n = 1
Let P(k) be true for some natural number k.
i.e., P(k): 7% —3% is divisible by 4.

We get 7% —3K=4d, where d e N ()]
Now, we wish to prove that P(k +1) is true whenever P(k) is true.

7k+1 _ 3k+1 —

i.e., we have show am

Now, 7(k+1) _g(k+1) _ 7(k+1) _ 7 gk | 7 gk _ g(k+1)

=7(7% 3% )+ (7-3)8* =7(ad)+ (7 -3)8
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= 7(4d)+ 4.3 [using ()]
= 4[7d +3%) = am

k+1)

From the last line, we see that 7&+) _3(k+1) i divisible by 4.

Thus, P(k +1) is true when P(k) is true.

Therefore, by principle of mathematical induction the statement is true for every positive integer n.

|| Illustration 3 I

Question: Prove that 2.7" +3.5" —5 is divisible by 24 for all neN.
Solution: Let the statement P(n) be defined as
P(n):2.7" +3.5" -5 is divisible by 24.
Now, P(n) is true for n = 1, since 2.7 +3.5 -5 = 24, which is divisible by 24.
Assume that P(k) is true. i.e. 2.7% + 3.5 —5=24q, when q e N (i)
Now, we wish to prove that P(k +1) is true whenever P(k) is true.
We have, 2.7%7 +3551 _5-2 7% 7 1 35%5! 5
=7[2.7% +35% —5-35K +5]+35%5-5
=7[24q - 3.5 +5]+15.5% -5 [using (i)]
=7x24q-21.5% +35+155% -5
=7 x24q - 6.5 +30
=7 x 24q - 30 (5 — 1) =7 x 24q — 30 (4p)
[since (5k‘1 - 1) is a multiple of 4 as x" —y" is divisible by x = y]
=7 x 249 —120p = 24(7q - 5p)
=24xr,r =79 -p, is some natural number ...(ii)

The expression on the R.H.S. of (i) is divisible by 24.
Thus P(k +1) is true whenever P(k) is true.

Hence, by principle of mathematical induction, P(n) is true forall n e N

|| Illustration 4 I

Question: Prove the rule of exponents (ab)n =a"b" by using principle of mathematical induction for
every natural number.
Solution: Let P(n) be the given statement i.e, P(n): (ab)" = a"b"

We note that P(n) is true for n = 1 since (ab)" = a'b?
Let P(k) be true, i.e., (ab)* = ab* N0
We shall now prove that P(k +1) is true whenever P(k) is true.
Now, we have (ab)*™* = (ab)* (ab)
(2 b*) @) oy (]
:(ak .al)(bk . bl)z ak+l pk+l
Therefore, P(k +1) is also true whenever P(k) is true.
Hence, by principle of mathematical induction, P(n) is true forall neN.

Illustration 5

Question: Using mathematical induction, show that
H n
cos 6cos 20 cos 40...... cos(2”‘19)= sm? 0 , VneN.
2"sin@
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H n
Solution: Let P(n): cos6cos20cos 4...... cos(znfle): sm? 0
2" sin®
Stepl: Forn=1
LH.S. of (i) = cos® and R.H.S. of () = 2120 _ cosp
2sin@

Therefore, P(1) is true.
Step Il: Assume it is true for n = k, then

. k
p(k): cos 6 cos 20 cos 46...... cos(zk‘le)z Sanl 0 ..(i)
2" sin®
Step lll: Forn=k+ 1
H k+1
P(k +1): cos®cos20cos46...... cos(zk‘le)cos(zk 9)= w
2**sing

L.H.S. = cos0cos20cos 40...... cos(2"‘1€))cos(2k 9)

sin2“6) _ COS(Zk 9)= 2 Si”(zk e)cos(2k e) [using (i)]

2K sino 2*1sin0
. K . k+1

_ SII:(%Z 9) . S|:1(12 : 6) =R.H.S.
2"sing  2“"sin®

This shows that the P(k + 1)is true if P(k) is true.
Hence by the principle of mathematical induction, the result is true forall ne N .

Illustration 6

Question: Prove by induction that the sum S, =n®+3n?+5n +3 is divisible by 3forall neN.
Solution: Let P(n) be the statement given by

P(n):S, =n®+3n%+5n+3 is divisible by 3
Step I: We have, P(1): S, =22 +3(1f +5(1) + 3 s divisible by 3
since 1% +3(1f +5(1)+3 =12, which is divisible by 3

o P(1) is true.
Step II: Let P(m) be true. Then

S, =m> +3m? +5m+3 is divisible by 3
= S, =m> +3m?+5m+3 =3}, for some A eN (i)
We now wish to show that P(m+1) is true. For this we have to show that
(m+1) +3(m +1f +5(m +1)+3 is divisible by 3
Now, (m+1 +3(m+1f +5(m+1)+3 = (m3 +3m? +5m+3)+3m2 +9m+9
= 31+3(m?+3m+3)=30+m? +3m+3] [using ()]
=3, where p=A+m?+3m+3eN
P(m+1) is true.

Thus, P(m) is true = P(m +1) is true
Hence, by the principle of mathematical induction the statement is true for all ne N .

Illustration 7

Question: Show by using principle of mathematical induction that
_ n+l
13+232+33%+ ... +n.3" =(2”1)'++3.
(2n-18"1+3

Solution: Let P(n):1.3+2.32+3.3%+....+n.3" = 2

Stepl: Whenn=1, LHS.=1.3=3
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_1\an+l _ 12
and RH.S. = (2n-1B""+3 _(21-18%+3 _ 12 _,
4 4 4
Hence P(1) is true.
Let P(m) be true
_ m+1
- 134232133% ... +man = @M 14 3 (i)

To prove P(m+1) is true i.e.,

m+2
1.3+2.3%+...+m3™ +(m+1)3m+1:(2m+1)#

Adding (m+1).3™" to both sides of (i), we get
1.3+2.3%+....+m.3" +(m+1).3m"
_ (2m-1)3m*+3
4
_ fem-1+4m+1)}.3™"+3 _ (2m+1) 3™ 43
Hence P(m+1) is true whenever P(m) is true. )
It follows that P(n) is true for all natural numbers n.

I Illustration 8 I

+(m+12).3m

Question: Using the principle of mathematical induction, show that 11"*2 +12%"*1 \where n is a natural
number, is divisible by 133.
Solution: Let f(n)=11"%2 4122+

Let P(n): f(n) i.e. 1172 +122" s divisible by 133
Now, f(1)=12°+12° = (11+12)(121-11x12 +144)
=23x133, where is divisible by 133

. P(1) is true. ..(A)
Let P(m) be true = f(m)=11""%1+122™" js divisible by 133
= f(m)=11"*2 +122™1 - 133k , where k is an integer ..(i)

Now, f(m+1)=11"*2 +122m+3
= 11.12™2 +122M+1122 = 11(12)™ + 122M+L 144
Now we divide f(m+1) by f(m)
e +122"‘+1)11.(11)"‘+2 +144.12°m(11
B (107" .1 o8

133.122m*
f(m+1)=11.f(m)+133.122™*" =11x133k +133.122™* [from (i)]
= 133[L1k +122™), which is divisible by 133
P(m+1) is true whenever P(m) is true ...(B)

From (A) and (B) it follows that P(n) is true for every natural number n i.e. 1172 +122" is divisible
by 133 for every natural number n.

I[ nlustration 9 |

Question: Prove that 1° + 22 +....... +n?> n? neN.

Solution: Let P(n) be the given statement.
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ie, P(n):12 +2% + ... +n2>%,neN

when note that P(n) is true for n = 1 since 12 > 1?

Assume that P(k) is true

e, P(k):1% +2% +..... + k2 > ..(i)

We shall now prove that P(k + 1) is true whenever P(k) is true.
We have, 12 +2% +3% +....... +k2 +(k +1)

3
=2 422 4+ K2 ) (k2P >k?+(k+1)2 by ()]
:%[k3 +3k2 + 6k + 3]

= %[(k +1)3 +3k +2] >%(k+1)3

Therefore, P(k +1) is also true whenever P(k) is true.
Hence, by mathematical induction P(n) is true forall n e N

Illustration 10

Question: Prove that 2" > n for all positive integers n.
Solution: Let P(n):2" >n
Whenn=1, 21 >1
Hence P(1) is true.
Assume that P(k) is true for any positive integers k i.e.,
2% >k -..(i)
We shall now prove that P(k +1) is true whenever P(k) is true.
Multiplying both sides of (i) by 2, we get
2.2% > 2k
e, 2t > 2k =k +k > k+1
P(k +1) is true when P(k) is true.
Hence, by principle of mathematical induction, P(n) is true for every positive integer n.




